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Abstract
We study an influence network of voters subjected to correlated disordered external pertur-
bations, and solve the dynamical equations exactly for fully connected networks. The model
has a critical phase transition between disordered unimodal and ordered bimodal distribution
states, characterized by an increase in the vote-share variability of the equilibrium distribu-
tions. The fluctuations (variance and correlations) in the external perturbations are shown to
reduce the impact of the external influence by increasing the critical threshold needed for the
bimodal distribution of opinions to appear. The external fluctuations also have the surprising
effect of driving voters towards biased opinions. Furthermore, the first and secondmoments of
the external perturbations are shown to affect the first and second moments of the vote-share
distribution. This is shown analytically in the mean field limit, and confirmed numerically for
fully connected networks and other network topologies. Studying the dynamic response of
complex systems to disordered external perturbations could help us understand the dynam-
ics of a wide variety of networked systems, from social networks and financial markets to
amorphous magnetic spins and population genetics.

Keywords Opinion dynamics · Disorder · Critical phenomena · Complex networks

1 Introduction

Models of opinion formation, which explore the dynamics of competing opinions taking
into account the interactions among agents, have been extensively studied [1–16]. In their
most basic form, these models consist of voters, represented by nodes on a social network,
having only two possible opinions, 0 or 1. Each voter may change her mind by using various
interactionmechanisms, for example, randomly adopting the opinion of a connected neighbor
(see [8,17,18]), or the opinion of the majority of the neighbors [2,4,5,8,10]. The stochastic
dynamics of these simple interactionmodels ultimately leads to a uniform state corresponding
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to the all-nodes-0 or all-nodes-1 states where all voters share the same opinion. Obviously,
consensus states are not commonly observed in real-world applications. Accordingly, more
realistic models of opinion dynamics have been proposed that incorporate, among other
features, social impact theory [1,19,20], opinion leaders and zealots [7,13,20–31], external
influences andfields [6,7,13,32–38], individual’s biases [39,40], contrarians [41], individual’s
own current opinion [42–44], word-of-mouth spreading [45], non-overlapping cliques [46],
or noisy diffusive process [18].

Herewe focus on an opinion formationmodel, which considers not only the role of internal
self-reinforcing influences between connected nodes in the network, but also the role of
external influences in opinion formation. More generally, these external influences represent
the dynamic response of a complex system to an external environment. We have previously
modeled such external influences as perturbations or modulations acting on all agents in the
system [7,13,32], and have obtained complete and exact results for fully connected networks
and arbitrary, but constant perturbations. Studying the dynamic response of complex systems
to external perturbations could help us understand a wide variety of networked systems,
from social networks and financial markets to amorphous magnetic spins and population
genetics. For example, in political electionswith two candidates [16] the external influence on
uncommitted voters could represent numerous sources, which convey consistent partisan bias
in favor of one of the candidates over another, such as opinion leaders or the mass media. In
population genetics, the external influence can represent mutational bias or selection towards
one of two alleles of a gene in an evolving population of sexually reproducing haploid
organisms [47]. In Ising-type spin models on crystalline 3-D lattices or amorphous spin-
glasses, the external influences correspond to temperature and external magnetic field [13].
Finally, themodel can also represent stock pricemovements (“up” or “down”) in a network of
stocks where the external influences correspond to “news” or new information that changes
perceptions of fundamental stock values [14].

Previously, we solved the dynamical equations of this model exactly for finite fully
connected networks under fixed external perturbations [7,13], obtaining among others the
equilibrium distribution of voters’ opinions. We found a nontrivial dynamic behavior that
can be divided into two regimes for small and large external perturbations, displaying a
disorder-to-order critical phase transition. The disordered regime is characterized by skewed
unimodal distributions with a peak corresponding to the fraction of voters in the network that
voted for opinion 1. The bistable ordered regime is characterized by bimodal distributions
in which two symmetry breaking phases may exist, similar to the magnetization state in the
Ising model below the critical temperature. The critical value of this model, which marks
the transition between disordered and ordered states, is a unique state with a flat distribution
of voters’ opinions. Under certain conditions, the spontaneous emergence of the disorder-
to-order phase switching is associated with an increase in the variability of the equilibrium
distribution of voters’ opinions. It is interesting to note that the transition from the unimodal
to the bimodal regime was also observed in other models that involve the two competing
mechanisms embedded in our model: herding behavior where nodes are influenced by the
choices of others, and node choices that are independently selected, regardless of others. This
was demonstrated, for example, by the well-known Wright–Fisher–Moran model [48–50]
or the Kirman’s model of ant recruitment [3].

The votermodelmentioned above [7,13] is homogenous; that is, the strength of the external
influence was assumed to be the same for all voters in the network, rendering all voters
identical. This is obviously a limitation. Real complex systems inevitably contain random
inhomogeneities, which tend to disorder the system. In disordered systems, agents have
individual attributes, which are qualitatively the same for all of them, but differ quantitatively
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fromone another—acharacteristic that is particularly an essential part of the statistical physics
of social dynamics.

Here, we consider a disordered opinion dynamics, taking the aforementioned voter model
under external perturbations [7,13,14,16] as our basic dynamical system. The disorder in
the model arises from the randomness in the strength of the external perturbations. More
specifically, we assume that the parameters controlling the external influences are drawn from
agivenmultivariate probability distribution for eachvoter, andwhosevalues change in timeon
a time scale comparable to the voter opinion fluctuations—an example of annealed disorder.
This is in contrast to quenched disorder [51], where the values of the random variables vary
from one voter to another according to the external influence random distribution, but remain
constant in time. This latter case can be used as a proxy for disordered opinion dynamics in
which the characteristic time scale of changes in the external influence is much longer than
the characteristic time scale for voter opinion fluctuations. We solve the dynamical equations
exactly for fully connected networks but also consider a quenched disorder that arises from
randomness in the topology of the network (i.e., the connectivitymay be different for different
voters). For quenched disordered networks, the randomness in the network structure is fixed
in each realization of the opinion dynamics, and therefore the network does not evolve in
time. This assumption is valid if the characteristic time scale for changes in the network
is much longer than the characteristic time scale of the voter opinion dynamics. The voter
model with quenched disordered networks is studied here using simulations and theory.

In this paper, we address the question of how the equilibrium behavior (including its
behavior near the phase transition) of an influence network of voters subjected to disordered
external perturbations is affected by the fluctuations (variance and correlations) associated
with the multivariate distribution characterizing the external influence disorder. Our contri-
butions can be summarized as follows. The fluctuations (variance and correlations) in the
external perturbations are shown to reduce the impact of the external influence in two impor-
tant ways: they increase the critical threshold needed for the bimodal distribution of opinions
to appear, and they drive voters towards biased opinions. We show that the size of the shift in
the critical behavior essentially depends on the fluctuations of the external influence disorder.
Furthermore, the first and second moments of the external perturbations are shown to affect
the first and second moments of the vote-share distribution. This is shown analytically in the
mean field limit, and confirmed numerically for fully connected networks and other network
topologies, including random, regular lattice, scale-free, and small-world networks.

2 Model

2.1 Formulation

Consider a network with N voters endowed by two opinion states, denoted by 0 and 1. The
external influence disorder is represented by a nonnegative random vector N = (N0, N1)

T

with probability density function (pdf) f (N0, N1), where N0 and N1 are real numbers that
denote the strength of the external influence towards opinions 0 and 1, respectively. At each
time step, a node is randomly selected. Let k0 and k1 denote the number of its nearest
neighbors with opinions 0 and 1, respectively. Then, the following events can occur: (1)
with probability p, the state of the node remains unchanged, (2) with probability 1 − p, the
external influence vector N = (N0, N1)

T is randomly generated from the pdf f (N0, N1),
and is observed by the node. Then, the state of the node becomes 0 with probability that is
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proportional to N0 +k0, and becomes 1 with probability that is proportional to N1 +k1. Here
we assume annealed disorder where the characteristic time scale of changes in the external
influence is comparable with the time scale of opinion dynamics. When the external biases
are zero, the above rule corresponds to a stochastic rule where a node randomly copies the
state of one of its connected neighbors.

Exact results for the special case where f (N0, N1) = δ(N0 − N̄0)δ(N1 − N̄1) were
presented in [7,13]. This special case assumes that the external perturbations N0 and N1 are
deterministic and fixed (i.e. no disorder) for all times and nodes at their respective values
of N̄0 and N̄1. Here we extend this basic “deterministic voter” model to disordered opinion
dynamics represented by any pdf f (N0, N1) of the external perturbations, and show how
this external influence disorder affects the opinion dynamics of the network. To the best of
our knowledge, this annealed disordered voter model has not been considered before in the
literature.

Our deterministic voter model has an analogue in population genetics and can be mapped
exactly into the Wright–Fisher–Moran model with two alleles and mutation for fully con-
nected networks [47–50,52]. Consider a population of N haploid individuals and a gene with
alleles A1 and A2. Sexual reproduction occurs between random pairs of individuals with the
offspring replacing one of the expiring parents. After the allele of the offspring is chosen
with equal probability between the parents, there is also a probability ε1 to mutate from A1

to A2 or ε2 to mutate from A2 to A1. In this case, our voter model parameters p, N0, and N1

can be nonlinearly mapped to the Wright–Fisher–Moran model as follows:

N0 = 2ε1(N − 1)

1 − ε1 − ε2

N1 = 2ε2(N − 1)

1 − ε1 − ε2

p = 1 − ε1 − ε2

2
. (1)

Another variation of the Wright–Fisher–Moran model that can be represented by the
deterministic voter model is the Kirman’smodel of ant recruitment [3]. Consider a population
of N voters. Two voters meet at random, and the state of the first voter is converted into the
second with probability h. There is also a probability ε1 that a voter whose state is 0 changes
its state to 1 irrespective of meeting the second voter. Similarly, with probability ε2 a voter
whose state is 1 changes its state to 0 irrespective of meeting the second voter. Although
only the symmetric case (ε1 = ε1 ≡ ε) was considered by Kirman [3], there is no essential
difference in the analysis of the asymmetric case. In this case, our voter model parameters
p, N0, and N1 can be nonlinearly mapped to the Kirman’s model as follows:

N0 = ε1N

h

N1 = ε2N

h

p = 1 + h

N
− (ε1 + ε2 + h). (2)

Remarkably, if h = ( 1
2 − ε1+ε2

2

) N
N−1 , the relations in Eqs. (1) and (2) are identical, and all

models (theWright–Fisher–Moranmodel [48–50], Kirman’smodel [3], and the deterministic
voter model [7,13]) become equivalent to each other. The ability of our model to represent
a wide variety of situations, combined with the exact results presented in [7,13], will be
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particularly useful in understanding the annealed disordered voter model, and its application
to various situations.

2.2 Analytical Results

We initially assume that all voters can communicate with each other; so that the network of
contacts is fully connected (other topologies are considered later in the paper). In this case,
the nodes are indistinguishable and the state of the network is fully specified by the number
of nodes with internal state 1. Therefore, there are only N + 1 distinguishable global states,
which we denote Sk , k = 0, 1, . . . , N . The state Sk has k nodes in state 1 and N − k nodes in
state 0. If Pt (k) is the probability of finding the network in state Sk at time t , then Pt+1(k) can
depend only on Pt (k), Pt (k − 1) and Pt (k + 1). The dynamics is described by the equation

Pt+1(k) =
∫∫

Pt+1(k|N0, N1) f (N0, N1)dN0 dN1 (3)

where the conditional probability Pt+1(k|N0, N1) is given by the master equation

Pt+1(k|N0, N1) = Pt (k)

{
p+
(1 − p)

N (N + N0 + N1 − 1)
[k(k + N1 − 1) + (N − k)(N + N0 − k − 1)]

}

+ Pt (k − 1)
(1 − p)

N (N + N0 + N1 − 1)
(k + N1 − 1)(N − k + 1)

+ Pt (k + 1)
(1 − p)

N (N + N0 + N1 − 1)
(k + 1)(N + N0 − k − 1) .

(4)

The term inside the first brackets gives the probability that the state Sk does not change in
that time step and is divided into two contributions: the probability p that the node does not
change plus the probability 1 − p that the node does change but copies another node in the
same state. In the latter case, the state of the node is 1 with probability k/N , and it may copy
a different node in the same state with probability (k − 1 + N1)/(N + N0 + N1 − 1). Also,
if the state of the selected node is 0, which has probability (N − k)/N , it may copy another
node in state 0 with probability (N − k − 1+ N0)/(N + N0 + N1 − 1). The other terms are
obtained similarly.
Equation (4) can be rewritten as

Pt+1(k|N0, N1) = Pt (k)

− 1 − p

N (N + N0 + N1 − 1)
{Pt (k)[2k(N − k) + N1(N − k) + N0k]

−Pt (k − 1)(k + N1 − 1)(N − k + 1)

−Pt (k + 1)(k + 1)(N + N0 − k − 1)} .

(5)

As mentioned above, exact results for the special “no disorder” case where the external
perturbations N0 and N1 are deterministic and fixed for all times and nodes at their respective
values of N̄0 and N̄1 were presented in [7,13]. To address the general case (for any pdf of the
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external perturbations), we notice that the integration in Eq. (3) leads to the following three
integrals:

1

nT
≡

∫∫
f (N0, N1)

N + N0 + N1 − 1
dN0dN1, (6)

n0
nT

≡
∫∫

N0 f (N0, N1)

N + N0 + N1 − 1
dN0dN1, (7)

n1
nT

≡
∫∫

N1 f (N0, N1)

N + N0 + N1 − 1
dN0dN1. (8)

Notice that nT = N + n0 + n1 − 1 and, therefore, only two of the above integrals are
independent. By plugging the definitions (6–8) into Eq. (3), we obtain

Pt+1(k) = Pt (k) − (1 − p)

NnT

(
Pt (k)[2k(N − k) + n1(N − k) + n0k]

−Pt (k − 1)(k + n1 − 1)(N − k + 1) − Pt (k + 1)(k + 1)(N + n0 − k − 1)

)
.

(9)

By comparing Eq. (9) with Eq. (3), the “averaged” parameters n0 and n1 can thus be inter-
preted as the effective strengths of the external influence. Evaluating then the “averaged”
values n0 and n1 over the external influence pdf f (N0, N1), the annealed disordered voter
model is mapped exactly to an effective voter model without disorder (i.e., where the external
influence strengths are fixed for all voters).

The probabilities Pt (k) define a vector of N +1 components Pt . In terms of Pt , the master
Eq. (9) can be described by the equation

Pt+1 = UPt ≡
(
1 − (1 − p)

NnT
A

)
Pt (10)

where the time evolution matrix U, and also the auxiliary matrix A, is tridiagonal. The
non-zero elements of A are independent of p and are given by

Ak,k = 2k(N − k) + n1(N − k) + n0k
Ak,k+1 = −(k + 1)(N + n0 − k − 1)
Ak,k−1 = −(N − k + 1)(n1 + k − 1).

(11)

The transition probability from state SM to SL after a time t can be written as

P(L, t; M, 0) =
N∑

r=0

brM arL λtr (12)

where arL and brM are the components of the right and left r -th eigenvectors of the evolution
matrix, ar and br. Thus, the dynamical problem has been reduced to finding the right and
left eigenvectors and eigenvalues of the time evolution matrix U.

The eigenvalues λr of U are given by

λr = 1 − 1 − p

NnT
r(r − 1 + n0 + n1) r = 0, 1, . . . , N (13)

and satisfy 0 ≤ p ≤ λr ≤ 1. The equation for P(L, t; M, 0) shows that the asymptotic
behavior of the network is determined only by the right and left eigenvectors with unit eigen-
value, i.e., by the eigenvector corresponding to λ0 = 1. The coefficients of the corresponding
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(unnormalized) left eigenvector are simply b0r = 1. The coefficients a0r of the right eigen-
vector are obtained using a generating function technique and an associated nonlinear second
order differential equation [7,13]. The coefficients of the right eigenvector are then given by
the Taylor expansion of the hypergeometric function F(−N , n1, 1−N−n0, x) ≡ ∑

k a0k x
k .

After normalization, these coefficients give the stationary probability distribution of finding
the network with k nodes in state 1 at equilibrium (independent of the initial state)

ρ(k) =
(n1+k−1

k

)(N+n0−k−1
N

)

(N+n0+n1−1
N

) (14)

Notice that the effective parametersn0 andn1 are real numbers, and therefore the binomials
have to be calculated using Gamma functions instead of factorials.

The other eigenvectors, corresponding to λr �= 1, can also be calculated using hypergeo-
metric functions [7,13]. Although these eigenvectors provide a complete description of the
dynamics of the network (see Eq. (12)), they are not particularly illuminating here as we are
primarily interested in understanding the asymptotic behavior of the system (λ0 = 1).

In this paper, we are interested in the distributional properties of the fraction of nodes in
state 1—that is, the vote-share ν = k/N—rather than their number. The mean and variance
of ν can be computed from Eq. (14) as follows

μν = n1
n0 + n1

(15)

σ 2
ν = μν(1 − μν)

N

(
N

n0 + n1 + 1
+ n0 + n1

n0 + n1 + 1

)
(16)

The variance of vote-shares in Eq. (16) has an appealing interpretation.When peer influences
(via social imitation) are very weak compared to “averaged” external forces (n0, n1 → ∞),
the variance of vote-shares becomes σ 2

ν = μν(1−μν)/N . This is the variance of vote-shares
that one would expect if all nodes are solely influenced, each with probability μν , by the
external biases, independent of the voting choices of other nodes. The second termon the right
side of Eq. (16), which is a decreasing nonlinear function of the external influence parameters,
represents the effect of social imitation and peer influence within the network. It is important
to note thatμν and σ 2

ν (as well as higher moments) of the stationary vote-share distribution of
the networkbothdependon themoments of the bivariate distribution f (N0, N1)governing the
external influence strengths. A key result of our paper is a characterization of this relationship,
both analytically and numerically.

2.3 Model Behavior

The stationary distribution ρ(ν) obtained from Eq. (14) has different shapes depending on
the values of the effective parameters n0 and n1 defined in Eqs. (6–8). Similar to opinion
dynamics without disorder [7,13], as we move around in the (n0, n1)-parameter space, we
observe different types of behavior, which is characteristic of a disorder-to-order critical
phase transition.

For n0, n1 > 1 we obtain skewed unimodal distributions with peak at n1/(n0 + n1)
corresponding to the fraction of voters in the network that voted for opinion 1. If n1 > n0 the
majority of votes go to opinion 1, and if n0 > n1 the majority of votes go to opinion 0. For
n1 > 1, n0 < 1 or n1 < 1, n0 > 1 we obtain unimodal distributions with peaks at all nodes
1 or all nodes 0, respectively. For n0, n1 � 1, ρ(ν) resembles a Gaussian distribution, and

123

Author's personal copy



M. Ramos et al.

if n0 = n1 half the voters vote for opinion 0 and half the voters vote for opinion 1, similar to
a magnetic material at high temperatures.

For n0, n1 < 1—the bistable ordered region—we obtain bimodal distributions in which
either of the two network phases can exist, similar to the magnetization state in the Ising
model below the critical temperature. For n0 = n1 � 1, the distribution peaks at all nodes
0 or all nodes 1, similar to a magnetized state at low temperatures.

For n0 = n1 = 1—the critical value of this model—we obtain ρ(k) = 1/(N + 1) for all
values of N . In this case, all states Sk are equally likely and the system executes a random
walk through the state space. The condition n0 = n1 = 1 thus marks the critical transition
between the disordered and ordered phases.

Finally, we note that for the symmetric case where the effective strengths of the external
influence are equal (n0 = n1 ≡ n) the variance σ 2

ν of the stationary distribution ρ(ν) is a
monotonically decreasing function of the effective strengths ∂σ 2

ν /∂n < 0. Therefore, the
transition from the disordered unimodal phase (n > 1) to the ordered bimodal phase (n < 1)
is associated with an increase in the variability of the stationary distribution.

3 Effect of Disorder on Critical Behavior

As shown above, the effective parameters n0 and n1 govern the equilibrium distribution and
critical behavior of the network. Moreover, the effective parameters, as defined in Eqs. 6–8,
clearly depend on the moments of the external influence disorder represented by the bivariate
distribution f (N0, N1). It is therefore interesting to study the effect of the fluctuations (vari-
ance and correlations) associated with the external influence disorder on the first and second
moments of the equilibrium distribution, as well as on the critical behavior of the network.

To carry out the analysis, we apply a variety of approximations that becomemore accurate
in the thermodynamic limit of large number of nodes N . Let N̄0 = 〈N0〉 and N̄1 = 〈N1〉 be
the mean values of the external influence strengths, and let g(N0, N1) be any smooth function
of the random vector N = (N0, N1)

T . We expand g(N0, N1) up to second order to obtain

〈g(N0, N1)〉 ≡ ∫ ∫
g(N0, N1) f (N0, N1)dN0dN1

≈ g(N̄0, N̄1) + 1
2

∂2g(N̄0,N̄1)

∂N2
0

σ 2
0 + ∂2g(N̄0,N̄1)

∂N0∂N1
cov01 + 1

2
∂2g(N̄0,N̄1)

∂N2
1

σ 2
1

(17)

where σ 2
0 ≡ Var(N0), σ 2

1 ≡ Var(N1), and cov01 ≡ cov(N0, N1). By applying Eq 17 to the
right hand side of Eqs 6–8, we obtain

1

nT
≈ 1

n̄T

[

1 + σ 2
0 + 2cov01 + σ 2

1

n̄2T

]

(18)

n0
nT

≈ 1

n̄T

[

N̄0 + −(N + N̄1 − 1)σ 2
0 − (N + N̄1 − N̄0 − 1)cov01 + N̄0σ

2
1

n̄2T

]

(19)

n1
nT

≈ 1

n̄T

[

N̄1 + −(N + N̄0 − 1)σ 2
1 − (N − N̄1 + N̄0 − 1)cov01 + N̄1σ

2
0

n̄2T

]

(20)

where n̄T = N + N̄0 + N̄1 − 1. In deriving the second order approximations in Eqs. 18–
20, we implicitly assume that N̄0 and N̄1 are not too small, and that kth-order moments
of the bivariate distribution f (N0, N1)—in particular the variances σ 2

0 , σ 2
1 and covariance

cov01—are much smaller than O(n̄kT ); otherwise, higher order terms in the expansions can
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be obtained as well. The factors n0, n1, and nT can be obtained explicitly from Eqs. (18–20)
as follows:

n0 =
[
N̄0n̄2T − σ 2

0 (n̄T − N̄0) − cov01(n̄T − 2N̄0) + N̄0σ
2
1

n̄2T + σ 2
0 + 2cov01 + σ 2

1

]

(21)

n1 =
[
N̄1n̄2T − σ 2

1 (n̄T − N̄1) − cov01(n̄T − 2N̄1) + N̄1σ
2
0

n̄2T + σ 2
0 + 2cov01 + σ 2

1

]

(22)

nT = N + n0 + n1 − 1 =
[

n̄T 3

n̄2T + σ 2
0 + 2cov01 + σ 2

1

]

(23)

For large number of nodes N , we expand Eqs. 21–23 asymptotically in N to obtain

n0 = N̄0 − cov01 + σ 2
0

N
+ O

(
1

N 2

)
(24)

n1 = N̄1 − cov01 + σ 2
1

N
+ O

(
1

N 2

)
(25)

nT = n̄T − σ 2
0 + 2cov01 + σ 2

1

N
+ O

(
1

N 2

)
(26)

Equations (24–26) relate the effective parameters n0 and n1 of the disordered opinion
dynamics model to the mean values N̄0 and N̄1 of the external influence strengths, and
moreover show that for large networks with positively correlated external perturbations
(cov01 > 0), n0 < N̄0 and n1 < N̄1. This implies that the critical values of the disordered
opinion dynamics (i.e., n0 = n1 = 1) can be obtained even if the external influence strengths
of the corresponding opinion dynamics without disorder satisfy N̄0 > 1 and N̄1 > 1. In
other words, random inhomogeneities in the external perturbations tend to increase the crit-
ical values of the average perturbations compared with the critical values corresponding to
opinion dynamics without disorder.

We noted above that the spontaneous emergence of the disorder-to-order phase transition
is often associated with an increase in the variability of the equilibrium distribution of vot-
ers’ opinions. It would thus be interesting to study the effect of the fluctuations (variance
and correlations) associated with the external influence disorder on the variability σ 2

ν of the
equilibrium distribution. Eq. (14) shows that the stationary distribution depends on the effec-
tive parameters n0 and n1. Moreover, as suggested by our previous discussion (Eqs. 21–22),
the effective parameters essentially depend on the first and second moments of the external
influence disorder represented by f (N0, N1) (i.e., N̄0, N̄1, σ

2
0 , σ 2

1 and cov01). We therefore
expect these moments to also approximate the moments of the stationary distribution (par-
ticularly the mean μν and variance σ 2

ν ). We characterize this relationship both analytically
and numerically in the special symmetric case where var(N0) = var(N1) ≡ σ 2.

To carry out the analysis, we apply the approximations in Eqs. (21–23) to the mean
μν and variance σ 2

ν shown in Eqs. 15–16. First, we observe from Eqs. 21–23 that, when
σ 2
0 = σ 2

1 ≡ σ 2, both effective parameters n0 and n1 can be expressed as a function of the
total fluctuation, σ 2 + cov01, of the external influence disorder (keeping N , N̄0, and N̄1

constant, see Appendix 1). But this also implies, from Eqs. (15–16), that both the first and
second moments μν and σ 2

ν can be expressed in terms of the total fluctuation σ 2 + cov01,
rather than on each term individually. We can gain further insight into this relationship by
asymptotically expanding Eqs. (15–16) in N to obtain
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μν = μ̄ν + 	(N , N̄0, N̄1)(σ
2 + cov01) + O

(
1

N 2

)
(27)

σ 2
ν = σ̄ 2

ν + 
(N , N̄0, N̄1)(σ
2 + cov01) + O

(
1

N 2

)
(28)

where

μ̄ν = N̄1

N̄0 + N̄1
(29)

	(N , N̄0, N̄1) = (N̄1 − N̄0)

N (N̄0 + N̄1)2
(30)

σ̄ 2
ν = μ̄ν(1 − μ̄ν)

N

(
N

N̄0 + N̄1 + 1
+ N̄0 + N̄1

N̄0 + N̄1 + 1

)
(31)


(N , N̄0, N̄1) = 3N̄0
2
N̄1 + 3N̄0 N̄1

2 + 2N̄0 N̄1 − N̄0
2 − N̄1

2 − N̄0
3 − N̄1

3

N (N̄0 + N̄1)3(N̄0 + N̄1 + 1)2
(32)

We therefore expect, for large networks, a linear relationship between the total fluctuation
cov01 + σ 2 and the first and second moments of the stationary distribution. Equations (29)
and (31) provide the first and second moments corresponding to opinion dynamics without
disorder (μ̄ν and σ̄ 2

ν ), obtained from Eqs. (15–16) with n0 = N̄0 and n1 = N̄1. Equations
(27–28) then tell us that the first and second moments corresponding to disordered opinion
dynamics (μν and σ 2

ν ) are obtained when μ̄ν and σ̄ 2
ν are perturbed by the external influence

disorder.
Interestingly, according to Eqs. 27 and 29–30, when there is an asymmetry between

the average external influence biases (say N̄1 > N̄0) the mean value μν of the stationary
distribution is larger relative to the mean vote-share N̄1/(N̄0 + N̄1) corresponding to opinion
dynamics without disorder (i.e., when the external fluctuations are absent). In other words,
if one opinion has an advantage over the other due to a larger expected external bias (e.g.
N̄1 > N̄0), this advantage will be amplified by the fluctuations of the external influence
disorder.

If we further assume symmetrywith respect to themean strengths of the external influence,
i.e. N̄0 = N̄1 ≡ N̄ , the following simplified expressions are obtained:

μν = 1

2
(33)

σ 2
ν = 1

4N

N + 2N̄

2N̄ + 1
+ 1

2N (2N̄ + 1)2
(σ 2 + cov01) + O

(
1

N 2

)
(34)

It is interesting to note that in this case ∂σ 2
ν /∂σ 2 > 0 and ∂σ 2

ν /∂cov01 > 0. Moreover, for
positively correlated external perturbations (cov01 > 0), ∂σ 2

ν /∂ N̄ < 0. In other words, the
variance σ 2

ν of the stationary distribution ρ(ν) is monotonically increasing in the fluctuations
of the external influence disorder, and is monotonically decreasing in the mean strengths of
the external influence. Therefore, following our previous discussion, as we decrease themean
strengths, and as we increase the fluctuations, the variability of the stationary distribution is
increased, and the distribution becomes progressively flatter. This increased variability marks
the transition from the disordered unimodal phase to the ordered bimodal phase. Numerical
simulations confirm this prediction (see Fig. 1).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 1 The effect of the external influence disorder on the equilibrium distribution and critical behavior
of the network. Here, different stationary vote-share distributions are generated by varying the parameters
of the bivariate lognormal distribution: N̄0 = N̄1 ≡ N̄ , σ 2

0 = σ 2
1 ≡ σ 2 and ρ01. The corresponding

relative variations σ∗ are also shown. The simulations are performed on fully connected networks with
N = 100 voters. The stationary distributions are determined by running each simulation for 15 × 103 time
steps, and then averaging over measurements collected at intervals of 2 × 103 time steps. We see that the
stationary distribution becomes progressively flatter for increasing values of σ 2 and cov01, and for decreasing
values of N̄

4 Simulations

4.1 Modeling the External Influence Distribution

Here, we consider the case where the external influence vector N = (N0, N1)
T is drawn

from a bivariate lognormal distribution. Modeling the external influence disorder with the
bivariate lognormal distribution is appealing for several reasons: (1) it represents a continuous
multivariate distribution in which each of the coordinates of the random variate vector are
positive (i.e. those satisfying N0 > 0 and N1 > 0); (2) it is characterized by the property
that the marginal distributions of both N0 and N1 are lognormal. This is particularly relevant
considering the fundamental role and widespread use of skewed lognormal distributions in
the physical, biological, social sciences, and economics [53–55]; (3) it is straightforward to
simulate it (see below). Moreover, the relatively simple forms for its pdf, mean, variance,
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and correlation structure, will enable us to carry out the various computational experiments
in a rigorously controlled manner, thus testing our analytical results.

More specifically, the external influence vectorN = (N0, N1)
T is lognormally distributed

if it is given byN = eX, where X = (X0, X1)
T is a bivariate normal distribution with mean

μ = (μ1, μ2)
T , covariance matrix

� =
(

var(X1) cov(X1, X2)

cov(X2, X1) var(X2)

)
=

(
σ 2
X1

ρσX1σX2

ρσX2σX1 σ 2
X2

)

and correlation ρ ≡ cor(X1, X2) = cov(X1,X2)
σX1σX2

. The mean and covariance matrix of the

random vector N = eX are given as follows:

N̄ =
(
N̄0

N̄1

)
=

⎛

⎜
⎝
eμ1+

σ2X1
2

eμ2+
σ2X2
2

⎞

⎟
⎠ (35)

V =
(

σ 2
0 cov01

cov10 σ 2
1

)

=
(

e
2μ1+σ 2

X1 (e
σ 2
X1 − 1) e

μ1+μ2+ 1
2 (σ 2

X1
+σ 2

X2
)
(ecov(X1,X2) − 1)

e
μ1+μ2+ 1

2 (σ 2
X1

+σ 2
X2

)
(ecov(X2,X1) − 1) e

2μ2+σ 2
X2 (e

σ 2
X2 − 1)

)

(36)

In the following, we provide a scale-invariant characterization of skewness and relative
variation associatedwith the lognormal distribution, whichwill be used to compare the results
across simulations.Moreover, the relative variations, for which there is an agreement between
the simulation results and theory, will be compared with those lognormal relative variations
commonly observed in various branches of science [53]. We first note that the bivariate
lognormal distribution has the property that each of its marginal distributions is univariate
lognormal. In other words, both N0 and N1 have univariate lognormal distributions with
means and variances given, respectively, by Eq. 35 and the diagonal elements of V in Eq
36. In applications for which the univariate lognormal distribution adequately describes the
data, patterns of typical skewness and relative variability are commonly characterized by
the multiplicative standard deviation σ ∗, which is defined—for instance in terms of N0—as
follows [53]:

σ ∗ = eσX1 (37)

The multiplicative standard deviation σ ∗ determines the shape of the lognormal distribu-
tion (the higher the σ ∗ the more skewed the distribution), and is related to the coefficient

of variation [53]. More specifically, the mean and variance of N0 are e
μ1+σ 2

X1
/2 and

e
2μ1+σ 2

X1 (e
σ 2
X1 − 1), respectively, and therefore the coefficient of variation is

cv ≡ σ0

N̄0
=

√

e
σ 2
X1 − 1 (38)

We then note that σ ∗ is determined only by the cv

σ ∗ = e
√

log(1+cv2). (39)

Comparison of 61 lognormal distributions in terms of σ ∗ from various branches of science
(see [53, Table 2]) reveals values of σ ∗ that vary between 1.1 and 33, with most (48 out of
61) in the range of 1.03 to 3.
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4.2 Computational Results

In the simulations below, we consider two cases: (1) σ0 = σ1 ≡ σ and N̄0 = N̄1 ≡ N̄ , and
(2) σ0 = σ1 ≡ σ and N̄0 �= N̄1. For both cases, we study the effect of the total fluctuation
σ 2+cov01 on the first and second moments (μν and σ 2

ν ) of the stationary distribution as well
as on the critical behavior of the model. In Appendix 2, we describe in detail the methods
used to generate the bivariate lognormal distributions for the various simulations

InFig. 1we show, for a fully connectednetwork, the effect of the external influencedisorder
on the equilibrium distribution and critical behavior of the network, by varying the values
of the mean strengths N̄0 = N̄1 ≡ N̄ variabilities σ 2

0 = σ 2
1 ≡ σ 2, and correlation ρ01 ≡

cov01/σ 2. The results confirm the theoretical findings. As we decrease the mean intensity of
the external influence, and increase the fluctuations (variance and correlations), the variability
of the stationary distribution is increased, and the distribution becomes progressively flatter.
Moreover, the increased variability of the stationary distribution is marked by a transition
from disordered unimodal distributions to ordered bimodal distributions. However, more
interestingly, the bimodal phase is already observed at N̄0 = N̄1 = 1—the critical values that
correspond to opinion dynamics without disorder (i.e., σ 2 = 0 and ρ01 = 0). In other words,
for fixed values of σ 2 and ρ01, the critical values of the disordered opinion dynamics model
are obtained for N̄0 > 1 and N̄1 > 1. For these critical values, the equilibrium distribution
becomes uniform (i.e., ρ(k) = 1/(N + 1)), marking the transition between the disordered
and ordered phases. The size of the shift in the critical behavior—relative to the critical values
corresponding to opinion dynamics without disorder—essentially depends on the magnitude
of the fluctuations (variance and correlations) of the external influence disorder. As suggested
by Fig. 1, the larger the fluctuations, the larger the shift in the critical behavior. What do these
results mean? Recall that voters observe the external influence biases and the voting of other
agents. For large perturbations n0 and n1, the external influences extend into the network,
dwarfing the effect of peer interactions within the network. For small perturbations, on the
other hand, the effect of peer influence dominates the effect of external influence. This latter
case is the origin of increased variability, and is a manifestation of self-organized, collective
behavior of the network. Fig. 1 then tells us that the self-organized, collective behavior of the
network is driven not only by the mean external influences (as in opinion dynamics without
disorder) but also by the uncertainty and correlations present in the external environment.
The critical behavior observed in Fig. 1 is therefore an example of fluctuation induced critical
phase transition.

We noted in Fig. 1 that the disorder-to-order phase transition is associated with an increase
in the variability of the equilibrium distribution. As suggested earlier, this variability (as well
as the first moment) can be expressed directly as a function of the total fluctuation, σ 2+cov01,
of the external influence disorder. The numerical simulations confirm this dependence for a
wide range of external influence fluctuations. The simulation results of the fully symmetric
case (σ 2

0 = σ 2
1 ≡ σ 2 and N̄0 = N̄1 ≡ N̄ ) are shown in Fig. 2, whereas the semi-symmetric

case (σ 2
0 = σ 2

1 ≡ σ 2, N̄0 �= N̄1) is shown in Fig. 3.
As the figures show, the simulation results are in good agreement with the analytical

predictions of Eqs. (27–28) and (33–34). That is, we find that the first and second moments
of the equilibrium distribution are dependent on the total fluctuation σ 2 + cov01, rather than
on each term individually. This dependence is seen to be nearly linear in σ 2 + cov01 for a
wide range of the total fluctuation, beyond which higher moments of the bivariate lognormal
distributions start to dominate the network size, and the accuracy decreases (see comment
below Eqs. (18–20)). Thus, better accuracy is expected for larger networks. Overall, we
notice that the linear approximation is fairly accurate (at least for network sizes ≥ 500) for
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(a) (c)

(d)(b)

Fig. 2 The effect of total fluctuation on vote-share variability: the fully symmetric case. The solid lines are
analytical results (see Eq. 34); the symbols are obtained from Monte Carlo simulations for fully connected
networks with N = 500 voters, assuming fully symmetric bivariate lognormal distributions (N̄0 = N̄1 ≡ N̄
and σ 2

0 = σ 2
1 ≡ σ 2). The stationary distributions are determined by running each simulation for 105 time

steps, and then averaging over 106 measurements collected at intervals of 104 time steps. The error bars of σ 2
ν

represent the bootstrap standard error [56,57], calculated through 103 resamplings of the original data. a–c
The variance σ 2

ν of the stationary distribution as a function of σ 2 +cov01, for various N̄ , σ and corresponding
relative variations σ∗. We note that σ 2

ν can be expressed as a function of the total fluctuation σ 2 + cov01,
rather than each term separately. Good agreement with theory is found in the range of typically observed σ∗
values [53]. d The variance σ 2

ν as a function of σ 2, for various values of ρ01 (effectively, cov01). We see that
the variability σ 2

ν is increasing in both σ 2 and cov01, in accordance to theory

lognormal distributions with relative variations σ ∗ ≤ 3, well within the range of typically
observed values (see [53, Table 2]). Finally, for the fully symmetric case, the variability σ 2

ν is
seen to be increasing with both σ 2 and cov01 (Fig. 2d), and decreasing with the mean values
N̄0 = N̄1 of the external influence strengths, in alignment with the analytical results and
Fig. 1.

We note that in the absence of fluctuations of the external influence disorder (σ 2 = 0,
cov01 = 0), the mean vote-share of the first opinion is given by μν = N̄1/(N̄0 + N̄1). In this
case, for N̄1 > N̄0 as in Fig. 3, the first opinion has an advantage (on average) over the other.
However, interestingly and unexpectedly, the introduction of disorder and fluctuations in the
external perturbations (σ 2 > 0, cov01 > 0) leads to an increase in the mean vote-share μν

(Fig. 3a–c) relative to the mean vote-share N̄1/(N̄0 + N̄1) associated with opinion dynamics
without disorder. This is consistent with our theoretical prediction that the fluctuations in the
external perturbations have the surprising effect of amplifying the expected support of an
already biased opinion.

Although the stationary distribution given by Eq. 14 is obtained assuming fully connected
networks, we also consider a quenched disorder that arises from randomness in the topology
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(a) (d)

(b) (e)

(c) (f)

Fig. 3 The effect of total fluctuation on vote-share variability: the semi-symmetric case. The solid lines are
analytical results (see Eqs. 27–28); the symbols are obtained fromMonte Carlo simulations for fully connected
networks with N = 500 voters, assuming semi-symmetric bivariate lognormal distributions (N̄0 �= N̄1 and
σ 2
0 = σ 2

1 ≡ σ 2). The stationary distributions and error bars of σ 2
ν are determined as described in Fig. 2.

a–c The mean μν of the stationary distribution as a function of σ 2 + cov01, for various N̄0, N̄1, σ and
corresponding σ∗

0 and σ∗
1 (the latter two may be different). d–f The variance σ 2

ν of the stationary distribution

as a function of σ 2 + cov01, for various N̄0, N̄1, σ and corresponding σ∗ (for N0 and N1, respectively). We
note that both μν and σ 2

ν can be expressed as a function of the total fluctuation σ 2 + cov01, rather than each
term separately. Good agreement with theory is found in the range of typically observed values [53]

of the network. Here we present simulation results obtained for different topologies with
the same average connectivity, including random, regular lattice, scale-free, and small-world
networks. Figure 4 shows the varianceσ 2

ν of the stationary distribution as a function of the total
fluctuation σ 2+cov01, for various N̄ , σ , and corresponding σ ∗. Interestingly, the results show
that the analytical insight gained for fully connected networks applies qualitatively for other
topologies as well: the variability σ 2

ν can be expressed as a function of the total fluctuation
σ 2 + cov01, and is roughly linear in σ 2 + cov01. For comparison, we also show in the insets

123

Author's personal copy



M. Ramos et al.

(a) (c)

(b) (d)

Fig. 4 The effect of total fluctuation on vote-share variability for networks with different topologies. Results
are obtained from Monte Carlo simulations for networks with N = 500 voters and average connectivity
〈k〉 = 6, assuming fully symmetric bivariate lognormal distributions (N̄0 = N̄1 ≡ N̄ and σ 2

0 = σ 2
1 ≡ σ 2).

Here we use scale-free (SF), random Erdős-Rényi (ER), small-world (SW, rewiring probability p = 0.05),
and regular ring lattice (SW, rewiring probability p = 0). The stationary distributions and error bars of σ 2

ν are
determined as described in Fig. 2. The figure shows the variance σ 2

ν of the stationary distribution as a function
of σ 2 + cov01, for various N̄ , σ and σ∗. We see that σ 2

ν can be expressed roughly as a linear function of the
total fluctuation σ 2 + cov01, similar to fully connected networks

the simulation results for fully connected networks. This comparison tells us that variances of
stationary distributions associated with low-degree networks are much smaller than those of
fully connected networkswith the same number of voters and total fluctuation σ 2+cov01 (e.g.
a ratio of about 18). This means that for low-degree networks the perturbations of the external
environment extend more easily and rapidly into the network, weakening the peer influence
effects. In other words, networks with smaller connectivity will tend to weaken the internal
influences within the network, and amplify the effect of the external influence. Figure 4 also
shows that larger variances (relative to other networks) are associated with the scale-free
networks. Thus the heterogeneous scale-free topology seems to propagate the perturbations
within the network more effectively relative to other networks. Finally, it is appealing to
note that the variance curves for different networks look like a scaled version of the curve
corresponding to fully connected networks (see insets). Later in the paper, we propose a
scaling theory to fully explain the variance curves in Fig. 4, and also demonstrate that the
critical behavior of opinion networks is affected not only by heterogeneities in the external

123

Author's personal copy



Opinion Dynamics on Networks under Correlated Disordered External Perturbations

(a) (b)

Fig. 5 The effect of total fluctuation on the critical threshold of the model. a To illustrate we show the Shannon
entropy value as a function of N̄ , for various σ (here cov01 = 0). The critical threshold N̄c (for each fixed σ ) is
the value N̄ that maximizes the Shannon entropy. b The critical threshold N̄c as a function of σ 2 + cov01. The
solid line is the analytical result obtained using the simple approximation in Eq. 41; the results are obtained
from Monte Carlo simulations for fully connected networks with N = 500 voters, assuming symmetric
bivariate lognormal distributions (N̄0 = N̄1 ≡ N̄ and σ0 = σ1 ≡ σ ). The symbols represent the results for
various relative variations σ∗. Fair agreement with theory is found, even for large σ∗ values [53]

environment, but also by the large connectivity fluctuations usually found in heterogeneous
networks (Fig. 6).

In the next set of experiments, we examine more closely the observation that the fluctua-
tions (variance and correlations) in the external perturbations increase the critical threshold
needed for the bimodal distribution of opinions to appear. This observation was shown theo-
retically in Eqs. (24–25), and numerically in Fig. 1. To simplify our analysis, we assume the
symmetric case (N̄0 = N̄1 ≡ N̄ , σ0 = σ1 ≡ σ , n0 = n1 ≡ n). For fully connected networks,
the critical value of the model was found to be nc = 1. This is the critical value that marks
the transition between disordered and ordered states, and it corresponds to a flat (uniform)
distribution of voters’ opinions, ρ(k) = 1/(N + 1)(see Eq 14). For this critical value, we
obtain from Eq. 24:

nc = 1 ≈ N̄c − cov01 + σ 2

N
(40)

and thus the critical threshold N̄c needed for the bimodal distribution of opinions to appear
is estimated as

N̄c ≈ 1 + cov01 + σ 2

N
. (41)

Here we use the simple approximation in Eq. (41) to obtain the predicted value of N̄c (assum-
ing fixed values of σ 2 and cov01). We then compare this estimate to critical values obtained
from simulations. The critical threshold N̄c can be obtained from simulations as follows.
Let ρ

(
k|N̄ , σ 2, cov01

)
denote the stationary distribution of the network, given a bivariate

lognormal distribution with parameters N̄ , σ 2, cov01. The Shannon entropy associated with
the stationary distribution is given as

S(ρ) = −
N∑

k=0

ρ
(
k|N̄ , σ 2, cov01

)
log2 ρ

(
k|N̄ , σ 2, cov01

)
. (42)

For fixed σ 2 and cov01, the Shannon entropy in Eq. 42 is maximized for the flat (uniform)
distribution, which is obtained for N̄ = N̄c. This gives us a simple strategy (though com-
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(a) (c)

(d)(b)

Fig. 6 Scaling ansatz for general networks. Results are obtained from Monte Carlo simulations for networks
with N = 500 voters, assuming fully symmetric bivariate lognormal distributions with N̄ = 10 and σ = 8.
Here we use random Erdős-Rényi (ER) and scale-free (SF) networks with average connectivity 〈k〉 = 6.
a-b) The Shannon entropy value as a function of N̄ , for various correlations ρ01 ≡ cov01/σ 2. The critical
threshold N̄G

c is the value N̄ that maximizes the Shannon entropy. The corresponding critical values nGc were
obtained byMonte Carlo integration of Eqs 6-8. c-d) Comparison of the scaling ansatz (Eq 43) with simulation
results. The relative errors in percentage are defined as [(σ 2

Scaling − σ 2
Simulation)/σ 2

Simulation] × 100. The

average errors (in absolute values) are: 0.37% (random ER network) and 1.35% (SF network). We also show
the theoretical predictions based on the naive approximation N̄G

c ≈ 〈k〉 /(N − 1), and the linear regression
lines of the scaling ansatz data points. The results show that the scaling ansatz works remarkably well

putationally intensive) for estimating the critical value N̄c, for any given values of σ 2 and
cov01: search for the value N̄c that maximizes the Shannon entropy.

The simulation results are presented in Fig. 5. The results further confirm that an increase
in the fluctuations (σ 2 + cov01) of the external perturbations leads to an increase in the value
of the critical threshold N̄c needed for the ordered bimodal phase to appear. Furthermore, as
Fig. 5b shows, the simulation results are in fair agreement with theory (Eq. 41), for a wide
range of lognormal relative variations σ ∗.

Although beyond the immediate scope of our study, we conclude the paper by proposing
a scaling ansatz for the stationary distribution—and accordingly the variance—associated
with any network, beyond the fully connected network case. The form of this scaling ansatz
is motivated by its application to opinion dynamics without disorder [58]. In our analysis, we
consider symmetric opinion dynamics (N̄0 = N̄1 ≡ N̄ , σ0 = σ1 ≡ σ, n0 = n1 ≡ n) with a
fixed lognormal disorder (i.e., σ and cov01 are given), and any network of contacts G. The
lognormal assumption, of course, can be substituted by any other parameterized distribution.
Using the notation specified above, we denote by N̄G

c the critical threshold as obtained from
the maximum of the Shannon entropy (Eq. 42), and let nGc be the corresponding critical value
of the model obtained from Eqs. (6–8). For fully connected networks, for example, we found
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that nGc = 1 (see Eq. (40)), regardless of the external disorder. Our scaling ansatz—e.g.
for the variance σ 2

ν,G
of the stationary distribution—is given by Eq. 16 (applying symmetry,

n0 = n1 ≡ n) by re-scaling the parameter n as follows:

σ 2
ν,G = 1

4N

⎛

⎜
⎝

N

2
(

n
nGc

)α + 1
+

2
(

n
nGc

)α

2
(

n
nGc

)α + 1

⎞

⎟
⎠ (43)

where the scaling coefficient α is characteristic to the network. This scaling ansatz says
that opinion dynamics on general networks is a scaled version of the “standard” opinion
dynamics on fully connected networks. Notice that for fully connected networks nGc = 1 and
α = 1, and Eq. (43) is reduced to the “standard” fully connected form (Eq. (16)). We test
this scaling ansatz in Fig. 6. Here we compare simulation results for random and scale-free
networks with the theoretical prediction given by Eq (43). For further comparison, we also
consider the naive approximation considered in [13]. This naive approximation essentially
implies that N̄G

c ≈ 〈k〉 /(N − 1) where 〈k〉 is the average degree of the network. Despite
the many sources of simulation errors affecting the estimates of the critical thresholds and
variances, the results in Fig. 6 show that this ansatz is indeed a very good approximation
of the simulation results for the situations under consideration. Finally, Fig. 6a-b show that
the critical thresholds N̄G

c corresponding to the scale-free (SF) network are larger relative to
the random Erdős-Rényi (ER) network. This suggests that the critical behavior of opinion
networks is affected not only by heterogeneities in the external environment, but also by the
large connectivity fluctuations usually found in heterogeneous SF networks.

5 Summary

In this paper, we analyzed an influence network of voters subjected to correlated disordered
external perturbations.We showed that the heterogeneities in the external perturbations affect
the critical behavior of the network. The size of the shift in the critical behavior, relative
to networks without disorder, essentially depends on the total fluctuations of the external
influence disorder. We demonstrated that the model exhibits a critical phase transition, which
is marked by an increase in the variance of the equilibrium vote distribution. We found
analytically that the mean and variance of the equilibrium distribution are directly related
to the fluctuations of the external influence. We extended our analysis by considering a
multivariate lognormal disorder, and presented numerical simulations that confirmed our
analytical results. Simulations for different network topologies showed that similar results
apply to other networks as well. Our work can be extended in several ways. In this paper we
considered the case of annealed disorder of the external perturbations. It would be interesting
to extend the analysis developed here to the quenched disorder case (see [51]) in which
the characteristic time scale of changes in the external influence is much longer than the
characteristic time scale of the voter opinionfluctuations. In this case, the values of the random
variables vary from one voter to another, but remain constant in time. In our simulations,
we also considered a quenched disorder that arises from randomness in the topology of the
network. Here, we assumed that the underlying network structure is fixed, and therefore the
network does not evolve with time. However, real networks are often dynamic and evolve
rapidly with time [59–61], and the assumption of quenched disorder would not be valid if
the characteristic time scale for changes in the network is comparable with the time scale of
opinion dynamics. In this case, the disorder should be considered to be annealed. Finally, we
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hope to further substantiate the scaling ansatz for general networks, as suggested in Fig. 6, and
study more closely the effect of heterogeneous networks with large connectivity fluctuations
on the behavior of opinion networks.
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Appendix 1: The Dependence of �2
� on Total Fluctuations

Consider Eq 21. In the fully symmetric case, (N̄0 = N̄1 ≡ N̄ , σ0 = σ1 ≡ σ and n0 = n1 ≡
n). This implies that n̄T = N + N̄0 + N̄1 − 1 = N + 2N̄ − 1, and Eq. (21) becomes

n =
[
N̄ n̄2T − (n̄T − 2N̄ )(σ 2 + cov01)

n̄2T + 2(cov01 + σ 2)

]

. (44)

In turn, the variance σ 2
ν is given by Eq. (16)

σ 2
ν = 1

4N

(
N

2n + 1
+ 2n

2n + 1

)
. (45)

Thus, even without the linear approximation, σ 2
ν is a function of the total fluctuation σ 2 +

cov01.

Appendix 2: Generating the Lognormal Distributions

In this appendix, we describe the methods used to generate the bivariate lognormal distribu-
tions for the various simulations.

Consider a semi-symmetric bivariate lognormal distributions (N̄0 �= N̄1 and σ 2
0 = σ 2

1 ≡
σ 2) as used in Fig. 3. In this case, we fix the values of N̄0, N̄1, σ and ρ01, and determine
the values of μ1, μ2, σX1 , σX2 and ρ by solving Eqs. (35) and (36). From these Eqs we can
extract the values of σX1 and μ1:

σ 2
X1

= ln

(
σ 2

N̄0
2 + 1

)

(46)

and

μ1 = ln(N̄0) − σ 2
X1

2
. (47)

The values of σX2 andμ2 can be obtained similarly. The covariance cov(X1, X2) is extracted
from Eq. (36):

cov(X1, X2) = ln

(
ρ01σ

2

N̄0 N̄1
+ 1

)
. (48)

Finally, the expression for ρ is obtained from ρ = cov(X1, X2)/(σX1σX2). Having deter-
mined the values of μ1, μ2, σX1 , σX2 and ρ we can generate a bivariate normal variable
(X1, X2)

T , which is then used to generate the external influence vector N = eX. The fully
symmetric bivariate lognormal distributions as the ones used in Figs. 1, 2 and 4, 5, 6 can be
obtained by setting N̄0 = N̄1 ≡ N̄ .
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