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Abstract

This paper presents a neural network approach with successful implementation for the robot task-sequencing problem. The problem
addresses the sequencing of tasks comprising loading and unloading of parts into and from the machines by a material-handling robot. The
performance criterion is to minimize a weighted objective of the total robot travel time for a set of tasks and the tardiness of the tasks being
sequenced. A three-phased parallel implementation of the neural network algorithm on Thinking Machine’s CM-5 parallel computer is also
presented which resulted in a dramatic increase in the speed of finding solutions. To evaluate the performance of the neural network
approach, a branch-and-bound method and a heuristic procedure have been developed for the problem. The neural network method is
shown to give good results and is especially useful for solving large problems on a parallel-computing platform.q 2000 Elsevier Science
Ltd. All rights reserved.
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1. Introduction

1.1. Background and justification

The problem under consideration is that of a robot task
sequencing in a Flexible Manufacturing System (FMS). We
consider an FMS with multiple machines, multiple storage
buffers, and a single free-ranging robot transporting parts in-
between machines and also between machines and buffers.
Every few minutes the system is examined and a set of move
requests (tasks) is generated. The set of tasks at each time
instant is assumed to be known in advance and the method
of generating these tasks is not treated here. Thus, the robot
can be considered to have a set of tasks to carry out at each
planning point. Each task is generated by the need to either
load a part on a machine or unload a part from the machine.
The tasks to be sequenced might also be required to meet
some precedence constraints. For example, consider a situa-
tion where the task might be to unload a part from a parti-
cular machine and another task in the same set might be to
load that machine with another part. Thus, we need to

ensure that the machine is unloaded first before it is loaded
with a new part.

The problem is to sequence the tasks, with the objective
of minimizing some performance measure such as the total
travel time of the robot. Apart from the total travel time of
the robot, other local performance measures can be consid-
ered for this problem. One such performance measure is the
amount of time a task has been waiting for to be completed
by the robot. Alternatively, the completion time of a task
could also be modeled as a constraint to ensure that a task is
completed before a certain time. An example of it is in wafer
fabrication facilities, where time windows for the tasks to be
carried out are a consideration. The local objectives of mini-
mizing the total travel time of the robot and the total tardi-
ness of the tasks support the global objective of maximizing
system’s throughput.

To illustrate the robot task-sequencing problem consider
the material flow in an automated printed circuit board
assembling environment, which employs the surface
mount technology [1]. The surface mount technology
involves mainly the process of placing a surface-mount
component onto the board in the required position.
Assembly of a surface-mount device involves positioning
the component on the board, which has previously had the
solder paste applied. Thus, the robot has to transport the
boards in-between insertion machines and also between
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insertion machines and buffers at the right time before the
adhesive becomes dry (in which case the board has to be
discarded).

The basic robot task-sequencing problem described here
can also be ascribed to other manufacturing environments
that include automated material handling devices (e.g. free-
ranging automated guided vehicles) or Automated Storage
and Retrieval Systems [2]. Another situation where the
proposed model may be tried is in robotic assembly [3].
Consider a multi-robot assembly cell that has to perform
some given tasks. Each task (e.g. “assemble parts”) can be
broken down to a set of partially ordered operations (assem-
bly tree). The partial ordering results from the parts’ process
plans and the robotic cell configuration [4,5]. Each task can
be performed in a number of alternative sequences of opera-
tions. Each operation is further broken down to detailed
robot movements that include sensory interaction. This
last process eventually results in robot programs for the
task. The multi-robot assembly planning problem is to
determine the optimal sequence of motions and operations
for each robot such that all the given tasks are executed with
a total minimum time [3]. As shown in Ref. [3], the basic
robot task-sequencing problem considered here is one of the
important modules in solving the multi-robot assembly
planning problem.

1.2. The proposed approach

The robot task-sequencing problem has been modeled in
some respects comparable to the Traveling Salesman
Problem (henceforth referred to as the TSP). The problem
is different from the typical TSP in the sense that the
distances being considered are not symmetric due to the
nature of the problem. In addition, the problem is modeled
with some additional constraints as discussed below. There-
fore, the problem is more akin to the Asymmetric Traveling
Salesman Problem (henceforth referred to as the ATSP)
with additional constraints. The ATSP is computationally
difficult (i.e. it belongs to the class of NP-complete
problems, see Ref. [6]). In particular, this means that that
CPU time required to solve the ATSP problem, based on
known algorithms, grows exponentially with the “size” of
the problem. At this point of time, no polynomial time algo-
rithms are capable of solving NP-complete problems, and it
is unlikely that polynomial time algorithms will be devel-
oped for these problems. Thus, although the problem may
be mathematically formulated, the solution complexity is
intractable. For small problems (mostly less than 20 tasks)
optimal seeking techniques, such as branch-and-bound type
solutions can be used. Larger problems call for heuristic
solutions. In this paper, the solution has been attempted
using Hopfield Neural Networks [7]. Hopfield’s model has
been proven successful in rapidly generating good solutions
to NP-complete problems, and is readily amenable to paral-
lel and distributed computation. Parallelism results in a

large reduction in the computation time, a property required
in a real-time decision making environment.

To fully assess the benefits of the neural network scheme,
we undertook full-scale experimental studies. The experi-
mental studies were performed both on serial and parallel
machines, as opposed to most current neural network
research that employs the conventional serial machine. To
evaluate the performance of the proposed neural network
approach, a branch-and-bound method and a heuristic
procedure have been developed for the problem under
consideration,2 and the solutions are compared with those
obtained by the neural net method. The computational
results show that the proposed neural network scheme yields
efficient solutions within a small computation time, and is
very effective when compared to the branch-and-bound and
heuristic procedures.

1.3. Related literature

In this section, research on some relevant issues in mate-
rial handling task-sequencing are briefly discussed with
respect to several themes.

1.3.1. Operations research procedures
As mentioned in Section 1.2, the robot task sequencing is

modeled as a combinatorial optimization problem compar-
able to the ATSP for which several operations research
procedures were applied.

• Branch-and-bound algorithms.Carpeneto and Toth [8]
developed branch-and-bound algorithm for the ATSP
based on the subtour elimination approach or the Hungar-
ian algorithm. They discussed a new selection procedure
for the subtour to be split and the ordering of the arcs in
the selected subtour. They also presented computational
results for random problems with various ranges of coef-
ficients of the distance matrix. Similar approach was
presented by Syslo et al. [9]. It is based on the Hungarian
algorithm and reduces the original distance matrix till an
optimal solution is obtained. It is shown that the execu-
tion time is strongly dependent on the problem instance.
It also grows with the size of the network. They also
showed that it would be quite expensive to obtain an
exact solution of the ATSP using the branch-and-bound
algorithm for networks with nodes greater than 40. Miller
and Pekny [10] have surveyed recent methods like
branch-and-bound, Genetic Algorithms (GA) and Simu-
lated Annealing for solving large TSP problems. A
branch-and-bound algorithm is presented for the ATSP
along with computational results. It is shown to perform
well for some classes of problems. Balas and Christofides
[11] have developed a branch-and-bound procedure
based on sub-tour elimination, which is shown to give
good results. The approach can be adapted to the
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symmetric TSP. Although branch-and-bound can be used
to find the optimal solution of the problem, it tends to get
computationally intractable for large and complex
problems.

• Cutting plane approach.Ascheuer et al. [12] have
presented a Cutting Plane approach to the Sequential
Ordering Problem (SOP). This problem is similar to
our problem and has applications in FMS and finds mini-
mum cost paths subject to precedence constraints. They
outline a Linear Programming framework for efficient
solutions for the SOP and discuss polynomial time
separation algorithms for obtaining the solution.

• Task-sequencing with special structure. In Ref. [2] the
problem of order-picking in a rectangular warehouse that
contains crossovers only at the ends of aisles is addressed
by Ratliff and Rosenthal. It is shown to be a solvable case
of the TSP. An algorithm is presented for picking an
order in minimum time. The computational time required
is linear in the number of aisles. In Ref. [13] a near-
minimum task-planning algorithm for fruit harvesting
robots having to pick fruits atN given locations is
presented. The sequence of motions for the robot was
obtained by solving the TSP using the geodesic distance
along the robot manipulator’s inertia space. The algo-
rithm helps in selecting the most efficient robot design
to perform a sequence of tasks atN locations.

1.3.2. Heuristics
For small task-sequencing problems the aforementioned

techniques can be used. Larger problems call for heuristic
solutions. The heuristic approaches that are often applied to
material handling task-sequencing problems include the
closest insertion algorithm [14], the nearest-neighbor rule
[15] and the First-Come-First-Served dispatching rule [15–
17]. The closest insertion algorithm repeatedly selects a task
from those unassigned, which causes the smallest increase
in the length of the sequence. By the nearest-neighbor rule,
the robot travels to the nearest pickup point (e.g. a machine
or a storage place) from its current position. The First-
Come-First-Served dispatching rule serves the tasks in
chronological order, and is easily adapted for quasi-real-
time robot task-sequencing problems. The above heuristics
were shown to give good results and are quite fast.

Another set of heuristics for the task-sequencing problem
includes GA. GAs have been quite successfully applied to
optimization problems like the ATSP. Jog et al. [18] present
a survey on this topic. Grefenstette et al. [19], Storer et al.
[20] and Tate et al. [21], also discuss about using GAs to
solve the ATSP. Chen and Tseng [22] present a GA
approach for solving the problem of a robot path planning.

1.3.3. Neural network approaches
As the neural network approach for the robot task-

sequencing problem under consideration has a unique struc-
ture; we have not been able to trace any direct references in

the literature. However, a few papers on Hopfield neural
network models3 for the TSP and ATSP were examined.

Hopfield and Tank [23,24] showed that highly inter-
connected networks of non-linear analog neurons are extre-
mely effective in solving the TSP. Wilson and Pawley [25]
tried a number of variations of the Hopfield and Tank algo-
rithm. An improvement in the ability of the net to generate
valid tours was obtained by modifying the initialization
procedure. The initialization is based on the rationale that
cities on opposite sides of the two-dimensional Euclidean
square probably should be on opposite sides of the tour [26].
The starting activity of each unit is biased to reflect this fact.
Cities far from the center of the square received a stronger
bias than those near the middle. Szu [27] developed a modi-
fied Hopfield net for solving the TSP. In addition to improv-
ing the energy function, Szu uses continuous activities, but
binary output signals. That is, the output function is the
“hard limiter” or the unit step function, rather than the
differentiable sigmoid function used by Hopfield and
Tank.4 The architecture that Szu uses is the same as that
for the Hopfield–Tank models, however, the activities of the
units are updated simultaneously rather than sequentially.
He performsn2 such updates and then tests for a valid tour.
The simultaneous update of the units results in faster solu-
tions. A determination of the parameters used in the
Hopfield–Tank formulation was carried out by Hegde,
Sweet and Levy [28] and it was observed that these para-
meters need to be carefully selected and tuned in order to
give good solutions. Relationships between parameters and
the size of the problem were studied. It was shown that it
becomes harder to solve the TSP involving larger number of
cities. Aiyer et al. [29] analyzed the behavior of the Hopfield
model both as a Content Addressable Memory (CAM) and
as a method for solving the TSP. An analysis of why the
network can frequently converge to an invalid solution
when applied to the TSP was done. Analytic expressions
were derived for the constant terms used in constructing
the TSP energy function. With these expressions, the
network can be made robust, and can reliably solve the
TSP. They analyzed the eigenvalues of the connection
matrix and gave a comprehensive description of the way
in which a Hopfield network solves the TSP. They used a
modified differential equation and employed a piecewise
linear function (instead of using a hyperbolic tangent output
function). Abe [30] examines how to suppress thespurious
stable states5 of the Hopfield neural networks. Assuming
that the output function of neurons is monotonic and differ-
entiable at any interior point in the output range, the condi-
tion that a vertex of a hypercube becomes a local minimum
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of the Hopfield network and a monotonic convergence
region to that minimum are clarified. Based on this, a
method to analyze and suppress the spurious states in the
networks was found, and was shown to be applicable for the
original Hopfield energy function. In a recent work, Abe
[31] derive stability conditions for local minima and their
convergence regions for the Hopfield neural networks when
the diagonal elements of the coefficient matrix are all non-
zero. For the TSP, the ranges of weight values in the energy
function and the range of values of the diagonal elements is
clarified so that the feasible solutions become stable and the
infeasible solutions become unstable. By gradually decreas-
ing diagonal elements, quality of solutions is drastically
improved compared with that of zero diagonal elements.
As a result they show that non-zero diagonal elements can
lead to better performance.

An efficient neural network algorithm for solving the
Multiple Traveling Salesman Problem (MTSP) was devel-
oped by Wacholder et al. [32]. A new transformation of the
MTSP to the standard TSP was introduced. An interesting
concept was that the model associated with the problem
used the Basic Differential Multiplier Method (BDMM),
which evaluates Lagrange multipliers simultaneously with

problem’s state variables, as a solution procedure. As a
result a constrained optimization problem can be converted
to an unconstrained optimization problem by introducing
Lagrange multipliers. A gradient ascent on these multipliers
forces the solution to meet the constraints and shows
convergence to valid solutions for a wide variety of para-
meters. A study of how the contributions to the total energy
are transferred between the various components while the
total energy gradually decreases to its final local minima
helped in formulation of the problem and improving it.

1.4. Paper’s organization

In Section 2 the mathematical formulation of our robot
task sequencing problem is presented. The solution metho-
dology for the formulation using the Hopfield neural net is
discussed in Section 3. Section 4 consists of presentation of
results from the neural network solution methodology along
with a comparison of its performance with respect to a
branch-and-bound procedure and the closest insertion heur-
istic. Conclusions and future research directions are
discussed in Section 5.
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2. Robot task sequencing problem

As introduced in Section 1, the robot task-sequencing
problem consists of sequencing a set of tasks with the objec-
tive of minimizing a weighted objective of the total robot
travel time for a set of tasks and the tardiness of the tasks
being sequenced keeping in mind precedence constraints.

Underlying the formulation are the following assump-
tions: (1) the robot can carry only one part at a time. (2)
Multiple storage locations are considered. (3) The parts to
be transported from the machines have been fully processed.
In other words, the processing times are not considered in
our model. (4) The robot at the start of the sequence is at
some arbitrary position. This is because the robot may have
performed a task previously, and is still at the position
where it ended that task. A central or fixed starting position
for the robot is not considered, in order to make the problem
more general. (5) The travel time for the robot between any
two points, in which either one of the points can be a
machine or a storage place, is known. This is denoted by
an asymmetric matrixD.

We now illustrate the sequencing problem by the simple
example shown in Fig. 1. This will show that the matrix of
travel times to be optimized that appear in the objective
function will be asymmetric. A first dummy task is intro-
duced in the sequence in which the robot does not perform
any loading or unloading operation. This dummy task is
used for convenience in formulation of the problem. Let
us suppose that the first task is to unload machineM1 and
take the part to storage bufferS3, and the second task to be
loading machineM3 with the part from machineM2.
These along with our first dummy task will comprise
the set of tasks for this system. LetT be the set of tasks
to be performed by the robot. Let the number of tasks
to be performed inT be n. We denote each task except
the dummy task byTa,b where ‘a’ refers to the origin
point for the task and ‘b’ refers to the destination point.
Let the dummy task be denoted byO. Now for this
problem n� 3; where Task 1�def

O; Task 2�def
TM1;S3

; and
Task 3�def

TM2;M3
:

Now we can consider two sequences for tasks: (1) Task 2
is carried out before Task 3; and (2) Task 3 precedes Task 2.
The paths corresponding to these two sequences are shown
in Fig. 1. Obviously the travel time for the robot for the two
paths will be different. However, we can see that there is a
common travel segment for both sequences. This is the
portion of each path where the part is being carried by the
robot from one location to another. This part of the robot
travel is necessary and cannot be minimized. Hence, the
travel to be minimized is the travel of the robot in between
the tasks, i.e. the travel from the end of one task to the start
of the next one. We represent this part of the robot travel by
dk;l ; i.e. dk;l U travel time from the location where taskk
ends to the location where taskl begins. As the above exam-
ple shows, in generaldk;l ± dl;k: Thus then × n matrix [dk,l]
is generally asymmetric. Task 1 is the dummy task and is

needed to represent the travel from the starting position of
the robot,R, to the beginning of Task 2.

To formulate the robot task-sequencing problem, we
define the following binary decision variablesxi; j :

xi; j �
1 if task i occupies positionj in the sequence

0 otherwise

(
Thus, a solution to the problem is specified oncexi; j ’s is
determined. Forn tasks, it will be an instance of an × n
permutation matrix, with the rows representing tasks and
columns representing their positions in the sequence.
Hence, we have to ensure that each row and column
contains only a single “1” and the other entries are “0” (so
that each task is performed once and only once).

Let us again consider the system in Fig. 1. We suppose
that machineM3 had a part that had to be transported to
buffer S3 as one of the robot’s tasks. In this case, we have
to ensure that machineM3 is unloaded before it can be
loaded with the part from machineM2. This brings about
a precedence relationship among tasks. Letpi denote the
precedence task for taski, with pi ; 0 if task i has no
precedence.

We now consider additional constraints concerning due
dates. LetDi be the due time for taski i � 1;2;…; n We
include a due time constraint for taski, namely that it should
be completed by timeDi, if possible. We consider this as a
softconstraint; i.e. solutions that do not meet this constraint
are considered.

The problem formulation is given below:

minimize
Xn
i�1

Xn
k�1
k±i

Xn2 1

j�1

di;kxi; jxk; j11; �1�

subject tox1;1 � 1; �2�

Xn
i�1

xi; j � 1 j � 1;…; n; �3�

Xn
j�1

xi; j � 1 i � 1;…; n; �4�

Xj 2 1

k�1

xpi ;k $ xi; j ;pi ± 0; i � 2;…;n; j � 2;…;n; �5�

Di $
Xn
j�2

xi; j

Xj

l�2

Xn
m�1

Xn
q�1
q±m

dm;qxm;l21xq;l

0BBB@
1CCCA

26664
37775 i � 1;…; n;

�6�
where the objective function represents the total travel time
to be minimized. This is different from the TSP objective
function because a closed tour is not desired; in other words
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it is assumed that the robot stays at the position it is in after
completing the last task in the sequence.

Constraint (2) ensures that the “dummy” task is always
the first task in the sequence. Constraints (3) and (4) ensure
that each task is performed exactly once (as in the TSP).
Constraint (5) ensures precedence requirements. Constraint
(6) requires that the tasks be completed by their due times.
Constraints (5) and (6) are uniquely presented for the robot
task-sequencing problem. In this paper, we consider
constraint (6) a “soft” constraint. Thus, we can model it as
an objective so that the robot task-sequencing problem now
becomes a multiple-objective function problem with the
second objective as:

minimize
Xn
i�2

max 0;
Xn
j�2

xi; j

Xj

l�2

Xn
m�1

Xn
q�1
q±m

dm;qxm;l21xq;l

0BBB@
1CCCA

26664
37775 2 Di

8>><>>:
9>>=>>;

0BBB@
1CCCA;
�7�

where we minimize the total tardiness of the tasks. The
weight to be given to this objective compared to the mini-
mization of travel time can be adjusted in the neural network
approach to obtain desired results (see Section 4).

3. Neural network solution methodology

3.1. The hopfield-tank model

We now discuss the Hopfield neural network methodol-
ogy for the formulated problem. An optimization problem
can be mapped on to a Hopfield neural network by
constructing appropriate recurrent neural network and
energy function for the network and interpreting the
network outputs as the solution of the optimization problem.
The energy function is constructed such that network’s state
that achieves the lowest energy value corresponds to the
optimal (or near optimal) solution of the optimization
problem. This network’s state is often referred as the most
stable state of the network. The Hopfield network is a
continuous deterministic model, while the robot task-
sequencing problem requires a discrete solution. This
means embedding a discrete problem in a continuous deci-
sion space where the neural computation operates. In this
research, we borrow the Hopfield–Tank model [23] concept
to show how a continuous decision space is associated with
our problem, and how to solve our problem through highly
interconnected neural nets.

It is known that the equations of motion for a network
with symmetric connections always lead to the convergence
of stable states [33,34]. However, our formulation of the
robot task-sequencing problem involves an asymmetric
time matrix that will result in asymmetric connections in
the network representing it. Based on experimental results,
Hopfield states that complicated dynamics can occur for
asymmetric connections in the network, which can lead to
the possibility that a minimum state will not be stable and

will be replaced in time by another minimum [34].
However, it was shown by simulation experiments that
even though the probability of errors increases the algorithm
continues to generate stable minima in case of asymmetric
connections. Thus, while the symmetry of the network is
essential to the mathematics, a pragmatic view indicates that
even asymmetric networks might work. This has been
confirmed by the computational study in Section 4.

For the robot task-sequencing problem withn tasks, an ×
n task-position matrix and a total ofn2 neurons are needed.
Thus, neuron (i, j) will be represented byUij, where i
denotes a task andj its position in a tour. Thestateof neuron
Uij will be represented byuij [ R: The output of the neuron
Uij is obtained from its state through an activation function:

vij � g�uij �;
where the form ofg(·) shall be discussed later. The value of
vij [ �0;1� expresses the tendency of taski to be located in
position j in a sequence. A final solution to the problem is
obtained whenever the neuron outputs converge to a stable
steady state in time of the form:

lim t!∞vij �t� �
1 taski is in positionj

0 otherwise

(
;i; j � 1;2;…;n:

3.2. Energy function formulation

As shown in Refs. [33,34], Hopfield nets work on an
energy minimization approach. Thus, the first task at hand
is to describe the energy function whose minimization
corresponds to solving the robot task-sequencing problem.
This function consists of three parts: a term for the total
robot travel time, a term for the tardiness of tasks, and a
term for the precedence constraints. All energy terms are
chosen so as to ensure that the states corresponding to the
desired permutation matrix are favored.

The energy function which describes the total travel time
of the sequence is denoted byEt and is given as follows:

Et � 1
2

Xn
i�1

Xn
k�1
k±i

Xn2 1

j�1

di;kvi; jvk; j11: �8�

The energy function which represents the tardiness of the
tasks is calledEd and is given by:

Ed �
Xn
i�2

max 0;
Xn
j�2

vi;j

Xj

l�2

Xn
m�1

Xn
q�1
q±m

dm;qvm;l21vq;l

0BBB@
1CCCA

26664
37775 2 Di

8>><>>:
9>>=>>;

0BBB@
1CCCA:
�9�

The constraint,x11 � 1; namely that the dummy task should
always be the first task in any sequence, leads to the fact that
the neuron in position (1,1), i.e.U11 will always “fire” or be
“on”. Thus the output of neuronU11 will always be 1, which
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is represented by the condition:

v11 � 1: �10�
Constraints (3) and (4) which ensure that each task is
performed exactly once, can be represented by the following
energy functions:

E1 � 1
2

Xn
i�1

Xn
j�1

vij 2 1

0@ 1A2

; �11�

E2 � 1
2

Xn
j�1

Xn
i�1

vij 2 1

 !2

: �12�

E1 is minimized (would attain a zero value) only when
exactly one neuron fires in each row, andE2 is minimized
(would attain a zero value) only when exactly one neuron
fires in each column.

For the precedence relationships (constraint 5), we have
developed the following energy function:

E3 �
Xn
i�1

Xn2 1

k�1

vik

Xn
j�k 1 1

vpi j

0@ 1A: �13�

Minimizing E3 to zero ensures that the predecessor of taski
(p i) is carried out before this task.

We also considered an alternative formulation for the
second and third constraints by using the following energy
functions:

E01 � 1
2

Xn
i�1

Xn
j�1

Xn
k�1
k±j

vij vik;

E 02 � 1
2

Xn
j�1

Xn
i�1

Xn
k�1
k±i

vij vkj;

E 03 � 1
2

Xn
i�1

Xn
j�1

vij 2 n

0@ 1A2

:

E 01 is minimized (would attain a zero value) only when one
neuron fires in each row, andE 02 is minimized (would attain
a zero value) only when one neuron fires in each column.
However, these two together cannot prevent a situation
where none of the neurons fires, or ensure thatn neurons
will necessarily fire. MinimizingE 03 ensures that any feasi-
ble solution to the problem containsn entries of value 1 in
the entire permutation matrix (whenE 03 � 0�: This formula-
tion has been observed to work less well for these
constraints.

In the next two sections, we consider two solution
schemes for the problem, which improve the original proce-
dure of the Hopfield–Tank model: (1) the Basic Differential
Multiplier Method approach [32,35]; and (2) the Penalty
function approach [36].

3.3. Basic Differential Multiplier Method approach

A constrained optimization problem can be converted
into an unconstrained one by introducing Lagrange multi-
pliers, la , and minimizing the resulting energy function.
We can represent our problem as:

minimisev[vE � Et 1 Ed 1
X3
a�1

laEa �14�

with condition (10), whereEt, Ed and Ea�a � 1;2; 3� are
defined in Eqs. (8)–(13). Based on the above energy func-
tion, we obtain a system of ordinary differential equations,
each of which describes the time evolution of a neuron (each
neuron has the same circuit motion function):

duij

dt
� 2

uij

t
2

dEt

dvij
2

dEd

dvij
2
X3
a�1

la
dEa

dvij

 !

;i; j � 1;2;…; n; �15�

dla
dt
� 1Ea ;a � 1; 2;3; �16�

with condition (10). Notice that the damping term,2uij =
t (t

is a constant), suggested by Hopfield and Tank [23] is used.
Also, to ensure convergence to a stable equilibrium point on
the state space boundaries (i.e.vi;j [ {0 ;1} ; ;i; j �
1;…; n�; the plus sign is chosen in the right-side of Eq.
(16) as suggested by Platt and Barr [35]. This method stabi-
lizes the BDMM and results in increasing penalty terms (i.e.
la ’s) which forces the solution to fulfill the constraints.

The solution of the dynamic model was carried out using
the first-order Euler numerical method:

unew
ij � uold

ij 1 Dt
duij

dt

� �old

; �17�

lnew
a � lold

a 1 DtEold
a : �18�

The “new” and “old” designate current and previous time
step values, respectively. The initial values of the Lagrange
multipliers,la(0), can be chosen at random but should be
positive as the selection of negative values would cause the
equations longer to converge to a valid solution. This is
becausela (0)’s affect the speed with which the solution
is obtained. An analysis of the various energy terms helps
in deciding the values to be assigned tola(0)’s (see Section
4.1).

3.4. Penalty function approach

In this case the constrained optimization problem is refor-
mulated as an unconstrained one by incorporating the
constraints into the objective function as a penalty term.
The penalty termP(v) is formulated as follows:

P�v� � E1 1 E2 1 E3 �19�
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and the resulting problem is now

minimizev[vE � Et 1 Ed 1 lP�v�; �20�

where l is the penalty parameter. Based on the above
energy function, we again obtain a system of ordinary differ-
ential equations:

duij

dt
� 2

uij

t
2

dEt

dvij
2

dEd

dvij
2 l

dP�v�
dvij

 !

;i; j � 1;2;…; n; �21�

cp
dl
dt
� �P�v��21

; �22�

wherecp ( < 1) is a positive capacitance parameter andt is
typically 1. The system described by the above equations is
again discretized based on the first-order Euler formula. The
BDMM approach utilizes Lagrange multipliers for each
constraint to force a feasible solution. The Penalty function
approach uses a single penalty parameter for all the
constraints and increments its value through the inverse
function [P(v)] 21 in Eq. (22). This approach was observed
to give better results for the robot task-sequencing problem
than the BDMM approach in terms of the quality of solu-
tions obtained (see Section 4.2).

For performing the updates on the neural network units as
given in Eqs. (15) and (21), we need to evaluate the
partial derivatives of the energy terms. They are given in
Appendix A.

3.5. Serial neural network algorithm

The stopping condition in Step 7 is given by either a fixed
number of iterations or when all the constraints are satisfied.
The algorithm steps are:

1. Initialize activation of all units (i.e. initializeuij). Initia-
lize Dt to a small value.

2. While the stopping condition is false, do Steps 3–7.
3. Perform Steps 4–6n2 times.
4. Choose a unit at random.
5. Update the activity on the selected unit:

uij �new� � uij �old�1 Dt
duij

dt

� �
:

6. Apply output function:vij � g�uij �
7. Check stopping condition.

The choice of the initialization in Step 1 and the activation
function of Step 6 was carried out after running trial experi-
ments to determine which combination gives the best
results. The following piece-wise linear activation function

[29] and initialization ofuij(0) [30,36] gave the best results:

vij �
0 if uij # 20:5

uij 1 0:5 if 2 0:5 # uij # 10:5

1 if uij $ 10:5

8>><>>: ;

whereuij(0) is a uniformly distributed random variable in
[0,1].

3.6. Parallel neural network algorithm

It was observed that the algorithm was computation-
ally intensive and hence the use of an algorithm which
could be implemented in a parallel fashion on Boston
University’s CM-5 Connection Machinewas explored.
The CM-5 consists of 64 parallel processors partitioned
into three separate groups calledpartition managers,
consisting of 16, 16 and 32 processors. For our simula-
tions we used theIlliac partition manager consisting of
16 processors. A parallel algorithm was developed in
three phases.

3.6.1. Phase I
In an attempt to decrease the computation time, the serial

code was converted into a parallel code inCp using parallel
variables for arrays. This would makearray-basedopera-
tions easier to perform.

3.6.2. Phase II
Each of CM-5’s processors can be made to generate a

solution separately. This can be carried out by running a
copy of the simulation code on each of the processors or
nodes. Thus all the processors work concurrently to give
multiple solutions.

3.6.3. Phase III
In the serial algorithm presented in Section 3.5, the

units are chosen at random to update. Thus during each
iteration, each unit has, on an average, one opportunity
to update its activity level. Also, the updating of the
activities of the units is performed sequentially. It may
be desirable to ensure that each unit does update its
activity in every iteration. Also, the units could update
their output simultaneously rather than sequentially.
Each of the Steps 1, 3, and 4 below is performed simul-
taneously for all units. This is carried out by efficiently
paralleling the update function instead of paralleling
independent statements in the code, which utilizes the
multiple vector units in the processors more efficiently.
The algorithm in this case is as follows:

1. Initialize activation of all units. InitializeDt to a small
value.

2. While the stopping condition is false, do Steps 3–5.
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3. Update activity on every unit:

uij �new� � uij �old�1 Dt
duij

dt

� �
:

4. Apply output function on all units:vij � g�uij �:
5. Check stopping condition.

4. Performance of various algorithms

In this section, we present the performance results and
comparative performance of the various neural network
algorithms discussed in Section 3. We also demonstrate
their superiority over a heuristic (the ‘closest insertion’
heuristic) and a branch-and-bound algorithm that were
developed for the robot task-sequencing problem. For
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Fig. 2. Energy variation versus number of iterations for a 25-task problem whenl1 � 50; l2 � 50; l3 � 50; a� E1; b� E2; c� E3; d� Et; e� E:

Fig. 3. Energy variation versus number of iterations for a 25-task problem whenl1 � 50; l2 � 50; l3 � 50; a� E1; b� E2; c� E3; d� Et; e� E:



clarity these algorithms are presented in Appendix B. We
conducted the experiments to address the following
questions:

1. What are the optimal values of the parameters involved
in the neural network procedures?

2. How does the BDMM compare with the Penalty function
procedure?

3. How does the serial neural network algorithm compare
with the parallel implementation?

4. How does the neural network approach compare with the
closest insertion and branch-and-bound procedures?

4.1. What are the optimal values of the parameters involved
in the neural network procedures?

A very significant step in the implementation of the arti-
ficial neural networks is the selection of the initial para-
meters. These values are important for the speed of
convergence of the network to a valid tour. For example,
the penalty parametersla�a � 1;2; 3� in the BDMM
approach (see Section 3.3) have to be given initial values
la (0). There is no optimal method to select these para-
meters. The decision process can be aided by studying
how the contributions to the total energy are transferred
between the various components while the total energy,E,
decreases to its minimum value. In general, we found that it
is important to choose “good” initial values for the para-
meters by running several simulations and adjusting them.
Such energy function analysis also gives information on the
constraints, which are more difficult to satisfy or are respon-
sible for the delay in convergence and hence deserve more
attention. This is demonstrated for a 25-task problem using
the BDMM approach discussed in Section 3.3 for the
following energy function:

minimize E � Et 1 l1E1 1 l2E2 1 l3E3;

wherela�a � 1;2;3� have to be given initial valuesla (0).
Fig. 2 shows the plots for various energy components with a
set of equalla(0)’s. E3 takes the maximum number of itera-
tions (450) to fall to a value of zero while the other energy
functions, namelyE1 and E2 reach a zero value much
quicker (200 iterations). In order to forceE3 decrease faster,
we increase the initial value ofl3(t), i.e. l3(0). The subse-
quent plot is shown in Fig. 3 and the convergence is
observed to take place much faster, i.e. in fewer iterations,
so that all theEas go down to zero almost simultaneously.
Thus it is important to choose “good” values for the initial
values of parameters by running several simulations and
adjusting them. Such energy function analysis also gives
information on the constraints that are more difficult to
satisfy or are responsible for the delay in convergence and
hence deserve more attention.

Recall that our formulation consists of two objectives: the
total travel time objective function and the tardiness objec-
tive function. It may be desirable to give more weight to the
former as compared to the latter. This can be easily accom-
plished with the energy function formulation. We can multi-
ply the corresponding energy terms with constants
corresponding to their relative weights. In the simulations,
we found that the neural network approach was very effec-
tive in obtaining results with the weighted objectives. To
illustrate, consider the following problem formulation,

minimize v[v E � AEt 1 BEd 1 lP�v�;
whereEt, Ed andP(v) are the terms from the penalty func-
tion approach (see Section 3.4) andA andB are constants.
The following results were observed from 1000 solutions
for a randomly generated 25-task problem:

We observe that different objectives can be emphasized
by giving a higher weight to their corresponding energy
terms (Table 1).

4.2. How does the BDMM compare with the Penalty
function procedure?

We applied both the BDMM and Penalty function algo-
rithms to different problem sizes. The number of tasks (n)
the robot has to sequence gives the size of a problem
(between 10 and 50 in our simulations). The number of
tasks is often correlated with the number of machines in
the FMS. For each problem size, multiple problem instances
using randomly generated distances were used.6 The results
for each randomly generated problem instance were
obtained after running 1008 independent simulations in an
attempt to generate many solutions. Each simulation was
run with a maximum of 1000 iterations. The stopping condi-
tion for both algorithms was chosen to be either a fixed
number of 1000 iterations, or when a feasible solution is
obtained. The value of the time stepDt for the first order

O. Maimon et al. / Artificial Intelligence in Engineering 14 (2000) 175–189184

Table 1
Comparison of results with weighted objectives

A B Average path
length

Average
tardiness

Maximum
path length

% Solutions with
minimum path length

1 1 230.88 0.408 195 50.0
5 1 202.54 0.530 195 73.3
1 5 267.84 0.309 195 27.0

6 In order to examine the sensitivity of the task sequencing methods to the
system layout, the input distances were generated from system layouts
derived from industrial scenarios.

Table 2
Simulation results from the serial neural network

Problem size (# of tasks) 10 15 20 25 50
% Solutions with
minimum path length
(over the randomly
generated instances,
where each instance
undergoes 1008
simulations)

50.2 48.4 35.0 20.5 11.2



Euler formula was typically between 0.01 and 0.1, and the
initial value of the penalty parameterl (0) was kept at 1. The
following observations are made:

1. Both the BDMM and the Penalty function approaches
gave almost 100% feasible solutions.

2. The Penalty function approach gave better results than
the BDMM approach in terms of the quality of solutions
obtained (i.e. % deviation from optimality).

3. The Penalty function approach gave more feasible solu-
tions when each unit gets updated instead of updating the
units randomly.

Table 2 gives the summary of results obtained by the neural
network approach using the Penalty function method. The
optimal path lengths for the randomly generated problem
instances were found using a branch-and-bound method (see
Appendix B) whose performance is discussed in detail later.
We observe the following:

1. A solution was obtained within a small computation
time, typically within 50–200 iterations.

2. It can be observed from Table 2 that an optimum solution
is always obtained by our neural network approach.
However, since our network involves asymmetric
connections, the percentage of solutions (over the
randomly generated instances, where each instance
undergoes 1008 simulations) that are optimal (i.e. with
minimum path length) decreases with increasing problem
size. The average quality of solutions obtained also
decreases with increasing problem size.

3. In order to analyze how the asymmetric time matrix in
the task-sequencing problem affects the quality of the

final solutions, let us denote byp the probability of
obtaining an optimal solution in a single simulation run
with a maximum of 1000 iterations. We estimatep as the
percentage of optimal solutions obtained through our
randomly generated instances, where each instance
undergoes 1008 simulations (see second column of
Table 2). We can model the probability distribution for
the number of minimum solutions obtained for a fixed
number of simulations by a Binomial distribution. Thus,
the probability for obtaining at least one optimal solution
in L simulations is given by 12 �1 2 p�L; and the number
of simulations required to obtain at least one optimal
solution with a certain confidence level (sayr) is given
by L � dlog�1 2 r�=log�1 2 p�e where dxe is the smallest
integer greater than or equal tox. The third column (after
being rounded off to the next higher integer) in Table 3
shows the number of simulations required to obtain at
least one optimal solution with a 99% confidence level
(i.e. r � 0:99�: We observe that although the probability
of obtaining an optimal solution in a single simulation
run decreases with increasing the problem size, the
number of simulations required to obtain at least one
optimal solution is very reasonable.

4.3. How does the serial neural network algorithm compare
with the parallel implementation?

Simulations have been conducted on theConnection
Machineto explore the three phase parallel implementation
introduced in Section 3.6. The following conclusions are
derived:

1. The computation times of the Phase I parallelization that
usesCp to write the code are even longer than those for
the serial machine (Sun-Sparc). This is because of the
CM-5’s overhead, which is large especially for small
problems. Hence, the time saving benefits can be
achieved only for very large size problems.

2. Phase II that generates multiple solutions simultaneously
gave a big reduction in the run times as compared to the
Phase I parallelization. As the simulations were
performed on theIlliac partition manager, which has
16 processors, the increase in speed from Phase I to
Phase II is observed to be almost exactly 16 times (i.e.
a proportionate increase in speed).

3. Phase III consists of updating the activation of all
neurons simultaneously. The parallel nature of the neural
networks is exploited here and the activations of the
neurons are updated in a parallel fashion. The results
are shown in Table 4 and it can be observed that the
run times for Phase III are almost negligible as compared
to the serial machine.

4.4. How does the neural network approach compare with
the closest insertion procedure?

The ‘closest insertion’ procedure (see Appendix B) is one
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Table 3
Number of simulations required for at least one minimum solution, with
99% confidence

Problem size
(# of tasks)

The probability of obtaining
an optimal solution in a
single simulation run (p)

No. of simulations
required for at least one
minimum solution (L)

10 0.502 7
15 0.484 7
20 0.350 11
25 0.205 21
50 0.112 39

Table 4
Comparison of the serial neural network algorithm with the CM-5 phase III
parallelization with respect to the average CPU time in minutes for 1
simulation (100 iterations)

Problem size
(# of tasks)

Serial
machine

CM-5 Phase III
parallelization

10 2.0 0.0050
15 115.61 0.0083
20 894.18 0.0137
25 .2000 0.0952
50 .2000 0.5473



of the most prevalent and intuitive heuristics for minimizing
the total robot travel time [14], and is utilized as a bench-
mark to examine other heuristics. We conclude the
following:

1. The closest insertion algorithm gave feasible and fast solu-
tions to any size problem. However, the quality of solutions
obtained for different size problems in terms of the travel
time of the robot were much worse than those obtained by
the neural network method as illustrated in Table 5.

2. The quality of solutions obtained by the closest insertion
algorithm dropped further with increase in the number of
precedence constraints in the problem, while the quality of
solutions with the neural network method was not signifi-
cantly affected by these constraints.

3. The percentage of solutions generated by the neural
network algorithm were almost always (90–100%) better
than the ones generated by the closest insertion algorithm.

4.5. How does the neural network approach compare with a
branch-and-bound procedure?

A branch-and-bound method was used to generate opti-
mal solutions and also provide a basis for comparison of the
different algorithms. Simulations were run on a serial (Sun-
Sparc) machine. The following observations were made:

1. The behavior of the branch-and-bound algorithm was
found to be highly dependent on the problem size. The
number of sub-problems as well as the running times was
observed to increase immensely with the increase in the
problem size.

2. For each problem size, the running time of the branch-
and-bound algorithm increased rapidly with the increase
in the number of precedence constraints, while multiple
precedence constraints were easily handled by the neural
network algorithm and did not affect the run time signif-
icantly (see Table 6).

3. The CPU times of the branch-and-bound and parallel
neural network (Phase III parallelization) approaches
are compared in Table 7. The run times for the neural
network approach have been calculated by multiplying
the number of simulations required to obtain an optimal
solution with 99% confidence (data extracted from the
third column of Table 3) with the average time required
for 1 simulation using Phase III parallelization (data
extracted from the third column of Table 4). For exam-
ple, for a 25-task problem the run time for the neural
network approach is given by 0:0952× 21� 1:9992:
We observe that the run times for Phase III are almost
negligible as compared to the branch-and-bound algo-
rithm. In addition, the increase in running time of the
branch-and-bound procedure with precedence constraints
could be substantial, especially with bigger problems.

5. Summary

In this paper, we have presented a new methodology for
the quasi-real-time robot task-sequencing problem. The
problem encountered needs to be solved repeatedly in a
real time environment, and its solution complexity is intract-
able (NP-complete). The proposed neural network approach
has been proven successful in coping with both these impe-
diments as summarized in the following: (1) the computa-
tional results show that the neural network schemes yield
efficient solutions within a small computation time, and is
effective when compared to branch-and-bound and heuristic
procedures; thus, the work presented here supports the
conclusion that the neural network model offers a worthy
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Table 5
Quality of solutions obtained for different problem sizes with the closest
insertion algorithm

Problem size (# of tasks) 10 15 20 25
% deviation from optimal
� 100× �x 2 y�=y

13.4 107.1 114.5 115.5

Table 6
Running times of the branch-and-bound algorithm for different problem sizes and multiple precedence constraints

Problem size (# of tasks) Approx. running time in minutes

One precedence constraint Two precedence constraints Three precedence constraints

10 ,1 ,1 ,1–1.5
15 ,1–14.6 ,1–24.8 3.6–46.7
20 1.2–36.7 1.3–83.2 2.5–96.3
25 1.5–66.2 3.9–151.2 6.9–223.2
50 5.1–359.2 15.4–667.5 37.8–.900

Table 7
Comparison of the branch-and-bound algorithm with the CM-5 phase III
parallelization in respect to CPU time in minutes (with three precedence
constraints)

Problem size
(# of tasks)

Branch-and-bound
approach

CM-5 Phase III
parallelization
(99% confidence level)

10 ,1–1.5 0.0350
15 3.6–46.7 0.0581
20 2.5–96.3 0.1507
25 6.9–223.2 1.9992
50 37.8–900 21.3447



method for large scale FMS. (2) Hopfield neural network
approach was successfully implemented for asymmetric
networks. The approach was shown to be feasible and practi-
cally useful for such networks. (3) Parallel nature of the neural
network was exploited to implement simulations on a parallel
computing platform (the Connection Machine CM-5), which
was shown to be very useful especially for large problems.
This results in a large reduction in computation time, a prop-
erty required in a real-time decision making environment.

A theoretical investigation into the properties of asym-
metric neural networks is very desirable. This paper demon-
strated the feasibility of using such networks for practical
applications such as the robot task-sequencing problem.
However, developing alternative neural network approaches
and an understanding of the dynamics of suchnetworksis
very essential to improve the solution techniques.

Appendix A. Evaluating partial derivatives of the energy
terms

Let � �i±k �� �i±k� denote that the term inside the square
brackets is present only fori ± k (only for i ± k�:

dEt

dvij
�

Xn
k�1
k±i

dikvk; j11

2664
3775

j±n

1
Xn
k�1
k±i

dkivk; j21

2664
3775

j±1

: �A1�

In order to evaluate the partial derivatives�dEd=dvij �; we first
define
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and let sgn�Si� � 0 if Si # 0 and sgn�Si� � 1 otherwise.
Then,
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Appendix B. A heuristic and a branch and bound
algorithm for the robot task-sequencing problem

B.1. Branch-and-bound approach

Branch-and-Bound is a technique for solving combinator-
ial optimization problems using exhaustive but intelligent
enumeration. It is based on a tree search where each node
can bebranchedinto several nodes at each step. The branch-
ing is based on a heuristic method that helps reduce the
effort in searching for an optimal solution. After branching,
a lower boundon the cost of each new node is calculated,
and the search is continued on the node with the smallest
lower bound. The procedure continues until aHamiltonian
cycle (described later) is obtained. The search is continued
only on those nodes that have a lower bound smaller than
the best solution obtained so far. The search ends when all
the nodes are processed.

B.1.1. Reduction
The Branch-and-Bound method used here is based on the

one outlined by Syslo et al. [9] for the TSP. Recall the
asymmetric travel time matrix for our problem where each
elementdij represents the time from taski to taskj. Let n be
the total number of tasks to be sequenced. A Hamiltonian
cycle (cycle of lengthn) will contain exactly one element
from each row and column of this matrix. Unlike a TSP, for
our problem it is not desirable for the sequence to be a
closed tour (i.e. the robot returning to its initial position).
Therefore the matrix is modified such that thecost or the
time to go from any task to the first task is 0, i.e. the first
column of the matrix contains all zeroes. This makes the
total distance for a closed sequence the same as the cost for
the one where the robot does not return to the starting task at
the end of the sequence. If any constantq is subtracted from
any row or column, the total distance of any tour is reduced
by q. Therefore, the optimal sequence still remains the
same. If a subtraction is carried out from the rows and
columns of the matrix such that each row and each column
contains at least one zero, the total amount subtracted will
be a lower bound on the distance obtained from any solu-
tion. This process is calledreduction. Thus the travel time
matrix is reduced by subtracting the lowest entries in each
row from their corresponding rows. Then the lowest entry of
each column is subtracted from that column. Let the total
time obtained from the above subtractions bea; a is a lower
bound on the time of all solutions for the problem.

B.1.2. Branching
The branching will be based on the path selected to split

the solution space. Let (i, j) represent the assignment of task
i before taskj in the sequence. One set will contain solutions
that exclude these assignments, while the other one will
contain all solutions with this assignment. If the assignment
i 2 j is excluded, the corresponding entry in the travel time
matrix, dij , is changed to1∞. The resulting time matrix is
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then reduced again if it is so required, and a new lower
bound b is obtained for all solutions that exclude
assignmenti 2 j: The other set contains all solutions
that include the assignmenti 2 j; so the ith row and
the jth column must be deleted from the reduced time
matrix, because this assignment is fixed. The result will
be a �n 2 1� × �n 2 1� matrix. Also, since all solutions
in this set use the assignmenti 2 j; j 2 i can no longer
be used and hencedji is set to1∞.

The assignmenti 2 j (branching) is selected amongst all
assignments such that it would result in the largest lower
bound of the new node. This is carried out by choosing the
zero in the matrix which when changed to infinity will allow
the most to be subtracted from its row and column. This rule
is used for branching since it is preferred to look for the
solution along the left branches rather than the right ones.
This is because the left branches reduce the dimension of the
problem while the right ones do not.

It must be kept in mind that the precedence requirements
need to be incorporated into this method. This is carried out
by checking that the assignmenti 2 j does not violate any
precedence relationship. If it does then the set of all solu-
tions which contain the path (i, j) are infeasible and no
further branching on that set is required.

This reduction and branching procedure is carried out
until all tasks have been assigned. Let the feasible solution
so obtained have the total robot travel time ofp. All nodes in
the search tree with a lower bound greater thanp can be
rejected orfathomed. The ones which have bounds lower
thanp are expanded further and this procedure is continued
until all nodes have either lead to feasible solutions or have
been fathomed. The solution with the lowest distance for a
feasible sequence is the optimal solution.

B.2. Closest insertion algorithm

We use the Closest Insertion Algorithm presented by
Askin and Standridge [14] to obtain a good solution for
the robot task-sequencing problem. We start the algorithm
by selecting task 1 as the first task;n 2 1 stages are then
carried out, with a new task being added at each stage. A
partial sequence is always maintained, which grows by one
task at each stage. At each stage a task is selected from those
unassigned which causes the smallest increase in the length
of the sequence. However, the precedence relationships also
have to be maintained. This is carried out by choosing from
only those unassigned tasks that already have their prede-
cessors in the partial sequence.

Let Tp � { t1; t2;…; tl} denote the partial sequence of
tasks at any stage, wheretj is the jth task in the sequence.
Let Ta be the set of schedulable tasks at that stage.Ta

excludes any task that does not have its predecessor inTp.
For each unassigned taskj, c( j) denotes the task in the
partial sequence that is “closest toj ”. This is found by
looking at the matrix for the travel times between tasks
and choosing the task that is closest toj.

Algorithm

1. Initialize.
l � 1: Tp � {1} : Ta � {2 ;…n} : c� j� � 1; j � 2;…n:

2. In the travel time matrix set incremental times to1∞
for all positions before a predecessor. This ensures that a
task can never be placed before its predecessor.
3. Select new task.

Find jp � argminj[Ta
{ dj;c�j�; or dc�j�;j} : Set l � l 1 1:

Insert j p, updatec( j). Ta � Ta 2 { jp} :
Find task ip [ Tp such that ip � argmini[Tp

{ di; jp 1
djp;i11 2 di;i11} :
UpdateTp � { t1;…; ip; jp; ip 1 1;…; tl} : If l , n, go to
Step 2.

Step 3 results in the possibility of tasks being added in the
middle of a current partial sequence.
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