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In this paper, we show that diverse complex forms (spatial patterns) can emerge even in 
the universe governed by deterministic laws. To demonstrate it, we propose a new method, 
which we call “chaotic walk,” to generate a pattern on a two-dimensional plane using a chaotic 
map function. This method is similar to the random walk, however a chaotic map is used rather 
than a random-number generator. Our simulation results show that the diversity of patterns 
increases as the number of possible states of the system increases; on the contrary, the 
robustness of patterns decreases as the number of possible states increases. Based on these 
findings, we put forward a hypothesis for the origin of diversity: the combination of 
deterministic chaos and finitude play a key role for the emergence of order and diversity in the 
early stage of evolution before the emergence of random mutation and natural selection. We 
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anticipate that our study will provide new intuition for order, diversity, and the power of 
finitude. 

1   Introduction 
Looking around our living world, we can easily witness complex order and an 
overwhelming diversity of living and non-living things. How is it that such order and 
diversity was able to develop from the early formation of Earth and continue to 
evolve to this very day? One noted idea is that the combination of random mutation 
and natural selection is the mechanism for the emergence of order and diversification 
of species [1]. No doubt, this combination appears to be key to order and diversity; 
however, is it the only possible approach? 

In the past few decades, some scientists in the field of complex systems have 
suggested another source of order: self-organization [2-6]. They show that order can 
emerge spontaneously from disorder without random mutation and natural selection. 
Nevertheless, the question remains whether diversity can be realized without the 
mechanism of random mutation and natural selection. 

Set against this backdrop, we present that the combination of deterministic chaos, 
where the complex behavior is generated even though it is governed by a very simple 
rule, and finitude, where the complex behavior is limited due to the finite number of 
possible states in the system, can be a source for both order and diversity. To 
demonstrate our idea, we introduce a new method, which we call “chaotic walk,” to 
generate a pattern on a two-dimensional plane using a chaotic map function.  

 In what follows, we begin with an explanation of our chaotic walk method, and 
then provide an overview of the nature of the method, generating patterns using 
computer simulation with several parameter values. Next, we present results of a 
more detailed analysis regarding chaotic attractors under the conditions of finite 
states. Finally, we will reconsider the origins of order and diversity based on these 
results, but allow for the free reign of the imagination. 

2   Method — Chaotic Walk 
To understand the intrinsic power of chaos to generate diverse and complex patterns, 
we here propose a method called “chaotic walk.” While the chaotic walk is abstractly 
defined as the method to generate a sequence of numbers from an initial number with 
a chaotic map function, there can be many variations for its implementation as well as 
the random walk method is so [7, 8].  

The type of chaotic walk we introduce in this paper is two-dimensional chaotic 
walker who turns around at the angle calculated by the logistic map function [9-11]. 
It is carried out as follows (Figure 1). First of all, suppose that there are a vast 
two-dimensional plane and an arbitrary starting point on it; and imagine a chaotic 
walker is standing at the starting point, facing to an initial direction. 
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Figure. 1:  Chaotic walk, a method for drawing trajectory with chaotic map function. 

 
At each step, the walker changes direction at angle 

€ 

θn+1, which is calculated by 

€ 

θn+1 = 2πxn+1 where 

€ 

xn+1  is calculated by logistic map 

€ 

xn+1 = axn (1− xn ) . Then, the 
walker moves ahead a certain distance. Since the walker leaves footprints, the trail is 
drawn on the plane. 

In addition, in this paper, we introduce the parameter for finitude, which controls 
the number of possible states in the target system, where to tune this parameter means 
to vary the degree of chaotic behavior. Note that the infinite number of possible states 
is required for representing chaos in strict sense, and, on the contrary, a system 
consisting of the finite number of possible states eventually exhibits periodic cycle. 
This finitude parameter is expressed as 

€ 

d , where a variable 

€ 

x  will be rounded off to 

€ 

d  decimal places. 

3   Exploration — The Nature of Chaotic Walk 

3.1   Generated Patterns  
First of all, we begin with the overview of the nature of chaotic walk, generating 
patterns with varying the control parameter 

€ 

a  of the logistic map. It is known that the 
behavior of the logistic map depends on the value of the parameter as follows [12, 
13]: for 

€ 

0 < a < 1.00 , 

€ 

x  attracts to the fixed point 

€ 

x* = 0 ; for 

€ 

1.00 < a < 3.00 , 

€ 

x  
attracts to the fixed point 

€ 

x* = (a −1) /a ; for 

€ 

3.00 < a < 1+ 6 ,

€ 

x  attracts to the 
periodic attractor; and for 

€ 

1+ 6 < a < 4.00 , 

€ 

x  takes various values, namely the 
system exhibit chaos. Note that 

€ 

1+ 6  is approximately 

€ 

3.569.... 
In the condition that the finitude parameter 

€ 

d  is enough large, the turn angle 

€ 

θ  
behaves as follows: for 

€ 

0 < a < 1.00 , the turn angle 

€ 

θ  converges to zero, therefore 
the trail becomes the pattern like a straight line; for 

€ 

1.00 < a < 3.00, 

€ 

θ  converges to 
non-zero number, therefore the trail becomes the pattern on a circle; for 

€ 

3.00 < a < 1+ 6 , 

€ 

θ  oscillates, therefore the trail becomes patterns on multiple 
circles; and for 

€ 

1+ 6 < a < 4.00 , 

€ 

θ  behaves chaotic, therefore the trail becomes an 
irregular pattern like random walks. Figure 2 shows the trails for 1,000 steps of 
chaotic walk with the control parameter 

€ 

a  varying from 0.25 to 4.00 by 0.25 in the 
case that the finitude parameter is enough large. 
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Figure. 2:  The change of patterns generated by chaotic walks for the logistic map with 
varying the control parameter 

€ 

a . These figures show the trails for 1000 steps of chaotic walk 
with the control parameter 

€ 

a  varying from 

€ 

0.25 to 

€ 

4.00  by 

€ 

0.25 in the case the finitude 
parameter 

€ 

d = 100 ; For 

€ 

0 < a < 1.00 , the trail looks like a line; for 

€ 

1.00 < a < 3.00, the 
trail is drawn on a circle; for 

€ 

3.00 < a < 3.56..., the trail is drawn on multiple circles; and for 

€ 

3.56...< a < 4.00, the trail looks irregular like random walks. All simulations are carried out 
with the initial condition 

€ 

x0 = 0.2 . 
 

3.2   Patterns in the Chaotic Regime 
Next, we shall explore the patterns when the finitude parameter 

€ 

d  is quite small. 
Recall that to tune this parameter means to vary the degree of chaotic behavior, and 
the system eventually exhibits periodic cycle. 

Figure 3 shows some examples of the trails of chaotic walk from 

€ 

d = 1 to 

€ 

d = 7 , 
where each pattern represents the trail for10-times steps as the length of the periodic 
cycle. This figure demonstrates that the chaotic walker with finite states can generate 
diverse complex patterns. See also Appendix A, which shows more patterns in each 
value of 

€ 

d . 

3.3   Period Doubling and Intermittency 
Finally, we shall investigate the characteristic nature of logistic map with the 
representation of chaotic walk: period doubling and intermittency. First, the route to 
chaos in the logistic map is known as the period-doubling bifurcation, where the 
periodic cycle splits into 2 period, 4 period, 8 period, and so on.  
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Figure. 3: The patterns generated by chaotic walks for the logistic map for the finitude 
parameter 

€ 

d  varying from 1 to 7 in the chaotic regime,.  
 
 

Figure 4 shows the patterns generated by chaotic walk when the finitude 
parameter is enough large. This figure shows that a new circle is added to the pattern 
of multiple circles at the period doubling before the accumulation point, 

€ 

a = 3.5699..., 
and the pattern of multiple circles collapses at the accumulation point. Recall that the 
pattern of multiple circles means the periodic cycle, and the number of circles 
represents the length of periodic cycle. 

Second, in the chaotic regime, there are many windows of periodicity, and 
intermittency is observed just before the period-3 window. Figure 5 shows that the 
distinctive patterns emerged, where the trail represents circular patterns again when 

€ 

a  is set in the range of a periodic window. Recall that the pattern of multiple circles 
means the periodic cycle, and the irregular pattern implies chaos. As a result, the 
trails in the figure have both features of circular patterns and irregular patterns, 
namely the mixture of periodic cycle and chaos. 
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4   Analysis 
We shall deepen our investigation of chaotic walks. As shown in the previous section, 
both the control parameter and the finitude parameter affect the behavior of the 
system and therefore the generated patterns. In what follows, we investigate the 
influence of these parameters to the number and the length of attractors. 
 

 
Figure. 4: The change of patterns at the period-doubling bifurcation, generated by chaotic 
walks for the logistic map with the finitude parameter 

€ 

d = 100 . Note that a new circle is 
added to the pattern of multiple circles at the period doubling before the accumulation point; 
and the pattern of multiple circles collapses at the accumulation point. 
 

 
Figure. 5: The change of patterns in the intermittent region, generated by chaotic walks for the 
logistic map with the finitude parameter 

€ 

d = 100 . There are more than one multiple circle in 
each pattern, which indicate oscillation. 
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Figure. 6: The number of attractors against the control parameter 

€ 

a  and the finitude parameter 

€ 

d . 
 

 

Figure. 7: The average length of attractors against the control parameter 

€ 

a  and the finitude 
parameter 

€ 

d . 
 

4.1   Number of Attractors 
Figure 6 shows the number of attractors against the control parameter 

€ 

a  and the 
finitude parameter 

€ 

d  in the chaotic regime. The number of attractors is 
approximately proportional to the finitude parameter 

€ 

d . 

4.2   Length of Attractors 
Since a system consisting of the finite number of possible states eventually exhibits 
periodic cycle, we can investigate the average length of these cycles. Figure 7 shows 
the average length of attractors against the control parameter 

€ 

a  and the finitude 
parameter 

€ 

d  in the chaotic regime. The average length of attractor increases 
exponentially as the finitude parameter 

€ 

d  increases. This result is consistent to 
existing studies [14-16]. 
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Figure. 8: The number of the types of attractors against the finitude parameter 

€ 

d . 
 
 

 

Figure. 9: The size of the set of the control parameter 

€ 

a  that falls into the same types of 
attractors against the finitude parameter 

€ 

d .  

4.3   Types of Attractors 
Next, we shall investigate the influence of small difference in the control parameter 

€ 

a . Although the parameter sensitively affects the behavior of the system, its 
sensitivity depends on the finitude parameter 

€ 

d . For 

€ 

d  varying from 

€ 

1 to 

€ 

4 , we 
shall investigate the number of types of attractors with the control parameter 

€ 

a  
varying from 

€ 

3.50000 to 

€ 

4.00000 by 

€ 

0.00001. There are 5 distinct types of attractor 
in the case 

€ 

d = 1; 

€ 

80 types in the case 

€ 

d = 2 ; 

€ 

2,434  types in the case 

€ 

d = 3; and 

€ 

46,267  types in the case 

€ 

d = 4 . Figure 8 shows the number of types of attractor 
against the finitude parameter 

€ 

d . It shows that the number of types of attractor 
increases exponentially as the finitude parameter 

€ 

d  increases.  
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4.4   Robustness of Attractor Types 
Finally, we shall investigate the set for the control parameter 

€ 

a  that eventually falls 
into the same attractor. Figure 9 shows the size of the set of the control parameter 

€ 

a  
that falls into the same types of attractors against the finitude parameter 

€ 

d  in the 
chaotic regime. It implies that the size of the set of the control parameter 

€ 

a  that falls 
into the same types of attractor tends to decrease exponentially as the finitude 
parameter 

€ 

d  increases. 

5   Discussion – Deterministic Way of Diversification  
The section 3 demonstrates that diverse patterns can emerge with a chaotic map in the 
case that the number of possible states is not so many, and the section 4 shows that 
the diversity of patterns increases as the number of possible states increases, however, 
the robustness of patterns to minor variations in the control parameter 

€ 

adecreases as 
the number of possible states increases.  

Summarizing them, a schematic illustration for diversification of emerged 
patterns is shown in figure 10. The box in the figure represents the region that has 
completely same types of attractors; In the case of finite number of possible states, 
the system converges to a very small number of attractor types, in spite of that chaos 
has intrinsic nature of sensitive dependence on initial condition in principle. This 
figure also implies that, as the number of possible states increases, the diversity 
increases and the robustness decreases; in other words, the parameter can control the 
degree of diversity and the robustness of order.  

Based on the observation, we propose a new hypothesis about the origin of 
diversity, how to generate and climb up the ladder of diversity in a deterministic way 
without random mutation and natural selection. Our hypothesis is that a system starts 
with small number of possible states, and then increases the possible states, 
consequently increases their diversity. 

Of course, this is just a hypothesis, however it seems to be plausible. In the 
primitive stage of evolution, it must be quite difficult for the system to maintain a lot 
of possible states. Put another way, it is quite difficult to memorize detailed 
information. Therefore, starting with small number of possible states is reasonable. In 
addition, it must be also difficult to keep the parameter value for calculation with a 
high degree of precision. Accordingly, it is probable that the system does not have 
sensitivity against the parameter. In the further stage of evolution, the system would 
be able to afford to have larger number of possible states. As the number of possible 
states increases, the system decreases the robustness to the parameter value. Thus, the 
diversification can be explained in a deterministic way with the combination of 
deterministic chaos and finitude.  
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Figure. 10: Schematic illustration for diversification of generated patterns by varying the 
finitude parameter 

€ 

d .  
 

6   Conclusion 
In this paper, we illuminated the power of combination of infinity and finitude, where 
deterministic chaos deeply related to infinity, and the limited number of states in a 
system represents finitude. Our consideration implies that finitude may play a key 
role to shape our real world rather than disadvantage. More practically, it may 
provide a new way of understanding a dramatic change of behaviors in phenomena 
that we have considered as random walk; the number of possible states is considered 
as a hidden but significant parameter controlling the behavior of chaotic dynamical 
systems. 

Lastly, we shall touch on the story behind this study. While exploring new 
technique to draw amazing patterns with using chaos as an art a few years ago [17], 
one of us (Shimonishi) happened encountered the breathtakingly beautiful patterns. 
At that time, we used the Processing environment [18], which rounded off the value 
with small number of digits. At that time, we did not mind the rounding operation. 
After a year, we translated the program into Java language in order to carry out 
deeper investigation. Surprisingly, these amazing patterns disappeared! At first we 
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were deeply disappointed, because our calculation was imperfect from the viewpoint 
of accuracy. After a while, we came to realize that our results might be worthwhile to 
reconsider from a different angle. Thus, we obtain the view that the finitude is the key 
to generate diverse and complex patterns from chaos. In retrospect, without the 
happening, we could not arrive at the viewpoint presented in this paper. We think that 
this story is as symbolic as the story of unintended discovery of the sensitivity of 
initial conditions by E. Lorenz [19]. We hope that our study will provide new 
intuition for the power of finitude in chaotic dynamical systems and the origins of 
diversity. 
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Appendix A 
Figure 11 – 15 show the patterns generated in the finitude parameter 

€ 

d , varying from 

€ 

3.50 to 

€ 

4.00 by 

€ 

0.01. These figures are drawn for 10 periods of the cycle. 
 

 
Figure. 11:  The patterns in the case 

€ 

d = 1, generated by chaotic walks for the logistic map 
with the control parameter 

€ 

3.50 ≤ a ≤ 4.00. 
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Figure. 12:  The patterns in the case 

€ 

d = 2 , generated by chaotic walks for the logistic map 
with the control parameter 

€ 

3.50 ≤ a ≤ 4.00. 
 

 
Figure. 13:  The patterns in the case 

€ 

d = 3, generated by chaotic walks for the logistic map 
with the control parameter 

€ 

3.50 ≤ a ≤ 4.00. 
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Figure. 14:  The patterns in the case 

€ 

d = 4 , generated by chaotic walks for the logistic map 
with the control parameter 

€ 

3.50 ≤ a ≤ 4.00. 
 

 
Figure. 15:  The patterns in the case 

€ 

d = 5, generated by chaotic walks for the logistic map 
with the control parameter 

€ 

3.50 ≤ a ≤ 4.00. 
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Appendix B 
Figure 16 shows the patterns generated for 200,000 iterations in several values of the 
control parameter and the finitude parameter  
 

 

Figure. 16:  Some beautiful generated patterns generated by chaotic walks for long runs: (A) 

€ 

a = 3.57  and 

€ 

d = 12 , (B) 

€ 

a = 3.59  and 

€ 

d = 9 , (C) 

€ 

a = 3.67  and 

€ 

d = 9 , (D) 

€ 

a = 3.68  
and 

€ 

d = 7 , (E) 

€ 

a = 3.70  and 

€ 

d = 7 , (F) 

€ 

a = 3.72  and 

€ 

d = 9 , (G) 

€ 

a = 3.76  and 

€ 

d = 7 , (H) 

€ 

a = 3.76  and 

€ 

d = 8 , (I) 

€ 

a = 3.77  and 

€ 

d = 8 , (J) 

€ 

a = 3.86  and 

€ 

d = 9 , (K) 

€ 

a = 3.93 and 

€ 

d = 7 , (L) 

€ 

a = 3.93 and 

! 

d = 8. In the all cases, the initial condition is set as 

! 

x0 = 0.2  and 
the iteration is 200,000 steps. 
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